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Abstract. We establish a tannakian formalism of p-adic multiple polyloga- 
rithms and p-adic multiple zeta values introduced in our previous paper via a 
comparison isomorphism between a de Rham fundamental torsor and a rigid 
fundamental torsor of the projective line minus three points and also discuss 
its Hodge and etale analogues. As an application we give a way to erase log 
poles of p-adic multiple polylogarithms and introduce overconvergent p-adic 
multiple polylogarithms which might be p-adic multiple analogue of Zagier's 
single- valued complex polylogarithms. 
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0. Introduction 

This paper is the continuation of our previous paper |F1| . Let p be a prime num- 
ber. Let m, k\, ■ ■ ■ ,k m 6 N. In |F1| we constructed p-adic multiple polylogarithm 
Lik lt — ,km(z) ( z € C p ), that is, a p-adic analogue of the (one-variable) complex 
multiple polylogarithm defined locally near by 



(0.1) 
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and p-adic multiple zeta value Cp(fo.> ' 1 ' > km)j that is, a p-adic analogue of multiple 
zeta value 

(0.2) C(*!l.-" ,fcm)= E fcl 1 fcm (*m>l)- 

0<m<-<n m 71 1 ' " " m 

This was achieved by giving a p-adic Drinfel'd associator $^ z (A, B) of the p-adic 
KZ equation and its fundamental solution Gq (A, B) (z) (z G C p ). The purpose of 
this paper is to relate these constructions to the motivic fundamental torsors of the 
projective line minus three points. To do this we will give a tannakian interpretation 
of the constructions of |F1| . Using the Frobenius action on the rigid realization of 
the above torsor, we will define the overconvergent p-adic multiple polylogarithm. 
This function can be expressed by the p-adic multiple polylogarithm constructed in 
[Flj . Using Hodge and Z-adic etale realizations we will recover the complex multiple 
polylogarithm and the /-adic polylogarithms of Wojtkowiak. 
Our main tool is a comparison isomorphism fLemma l2.2|) 

(0.3) ^? R (P^\{0, 1, oo} : 01, z) = Trf rlg (P^\{0, 1, oo} : 01, z ) 

between the de Rham f Hl.l|) and the rigid f tjl.2|) fundamental torsor where z G 
P 1 (F p )\{0, 1, oo} is the reduction of z e P 1 (Q p )\{0, 1, oo} and 01 is a tangen- 
tial basepoint. There is a canonical de Rham path d z (Lemma II. 211 in LHS con- 
structed from the canonical extension of unipotent connections and a canonical 
rigid path c Zo (Xemma ll.8[) in RHS, Besser-Vologodsky's Frobenius invariant path 
|BesllVol) . Identifying these two torsors by (|0.3[) we get a de Rham loop d~ 1 c Zo G 
ttP r (Pq p \{0, 1, oo} : 01)(Q P ). Our tannakian interpretation of p-adic multiple 
polylogarithms is 

TheoremlPl By the embedding i : 7rf R (P^ p \{0, 1, oo} : 01) (Q p ) ^ Q P ((A, B)) 
(12.11) . the loop d~ 1 c Zo corresponds to the non- commutative formal power series 
Gq (A, B)(z) of the p-adic multiple polylogarithms. 

Similarly by letting z to be a tangential basepoint 10 we get a tannakian interpre- 
tation of p-adic multiple zeta values: 

Theorem 12.51 By the embedding i the loop d^}cj+ corresponds to the non- 
commutative formal power series $^ z (^4, B) of the p-adic multiple zeta values. 
RHS of (|0.3fl admits the Frobenius action <j> p (Definition II. 7|) . Deligne |De2| in- 
troduced a variant of p-adic multiple zeta values to be a coefficient of the series 
$p c (A, B) — i(dz} (j) p (dj*)) which we call the p-adic Deligne associator. 

Theorem 12.81 There is the following explicit relationship between the p-adic 
Drinfel'd associator and the p-adic Deligne associator: 

<f p KZ (A,B) = *^(A,B) • $£ z ^.^(ABj-^D.^B)) • 

This gives formulae expressing our p-adic multiple zeta values in terms of Deligne's 
p-adic multiple zeta values and vice versa. Namely his p-adic multiple zeta values 
are equivalent to ours. We introduce a pro-unipotent overconvergent iso-crystal 
(Vjcz, ^kz) 011 -Pf p \{0> 1> °°} associated with the p-adic KZ equation and show 

Proposition 12.111 The pro-object (V^ Z ,V^ Z ) naturally admits a Frobenius 
structure. 
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The canonical section 1 of under the Frobenius action will map to a non- 
commutative power series Gq(z) whose coefficient will be denoted by Lit k (z). 
This series satisfies the differential equation in |U2I IY| 

( A B \ , fdzPA dzP tA n , (A \ 

and Lil. ... k (z) are an overconvergent analogue of our p-adic multiple polyloga- 
rithms. The special value of these functions at z = 1 will be the Deligne's p-adic 
multiple zeta values. The relation between Gq(A,B)(z) and our Gq{A,B){z) is 
given by the following: 

Theorem 12.141 The overconvergent p-adic multiple polylogarithm Li^ ki ... k (z) 
is expressed as a combination of our p-adic multiple zeta values, p-adic multiple 
polylogarithms and the p-adic logarithm by 

Gl(A,B)(z)=Go(A,B)(z)-G (± ,^ De (A,B)-^^ e (A,B)j 

The function Lik lt — fc m (z) is not overconvergent but a Coleman function with log 
poles around z = 1 and oo. The above formulae is a way to erase these log poles. 
We will give calculations in Example 12. 161 

The organization of this paper is as follows, preliminary for the rest of paper. 
We will review the definition of various (de Rham, rigid, Bctti and etale) funda- 
mental groups, torsors with their various additional structures, i.e. the Frobenius 
action, the infinity Frobenius action and the Galois group action. We also discuss 
tangential basepoints. The Deligne's canonical path in the de Rham fundamental 
torsor in Lemma ll. 21 and Besser-Vologodsky's Frobenius invariant path in the rigid 
fundamental torsor in Lemma 1 1.81 will be recalled. 

321 is devoted to tannakian formalisms which contains our main results. In The- 
orem 12.31 and Theorem 12.51 we will clarify tannakian origins of the p-adic multiple 
polylogarithms and p-adic multiple zeta values. An explicit relationship between 
our p-adic multiple zeta values and Deligne's p-adic multiple zeta values |De2| will 
be stated in Theorem 12.81 A formula to express the overconvergent p-adic multi- 
ple polylogarithms in terms of our p-adic multiple polylogarithms will be stated in 
Theorem 12 .141 In H2.2l the Hodge analogue of these results will be discussed. The 
tannakian origin of complex multiple polylogarithms will be discussed in Proposi- 
tion 12.201 and for multiple zeta values in Proposition 12.211 The infinity Frobenius 
action on the Betti fundamental torsor of P 1 (C)\{0, 1, oo} will be used to intro- 
duce another variant of multiple polylogarithms (|2.20(1 . In Theorem 12 .2 71 it will be 
shown that these functions are single-valued and real-analytic. In Proposition 12. 261 
we show a formula analogous to Theorem l2.14l to express them in terms of complex 
multiple polylogarithms. <j2.3l is a brief explanation of analogous story in the etale 
side. We discuss an etale analogue of polylogarithm (|2.22|) expressed in terms of 
Wojtkowiak's /-adic polylogarithm and an etale analogue of Riemann zeta values 
(Example I2.33f) expressed in term of Soule characters and cyclotomic characters 
following NW]|Ij. 

J|]is motivic. The algebra generated by p-adic multiple zeta values will be related 
to Drinfel'd's [Ej pro-algebraic group GRT_ 1 , Racinet's [H] pro-algebraic group 
DMR q and the motivic Galois group 7ri(7WT(Z)). In M.ll we recall Drinfel'd's 
pro-algebraic bi-torsor of Grothendieck-Teichmuller. In i!3.2l we recall Racinet's 
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[R| pro-algebraic bi-torsor made by double shuffle relations and briefly explain a 
partial analogous story to A3. II i!3.3l is a review of the formalism of mixed Tate 
motives in |DG| . The torsor of motivic Galois group is related with the torsors 
in H3.ll and H3.2I We give some motivic interpretations on Zagier's conjecture on 
multiple zeta values and Ihara's conjecture on Galois image. We also explain a 
motivic way of proving double shuffle relations for p-adic multiple zeta values using 
[DC] and 0. 

Acknowledgments . This work was supported by the NSF grants DMS-0111298. 
The author would like to express particular thanks to Prof. Deligne for many 
suggestions. He is also grateful to Amir Jafari and Go Yamashita for many useful 
discussion. He is also grateful to the referee for comments. 

1. Preliminaries 

This section is preliminaries for the next section. We give materials which are 
indispensable to our main results by recalling the definitions of various (de Rham, 
rigid, Betti and etale) fundamental groups and torsors with tangential base points 
and discussing additional structures there. 

In this section, we concentrate on a curve Xk = Xk — Dk, where Xk is a 
proper smooth, geometrically connected curve Xk over a field K and Dk is its 
divisor over K (sometimes we omit K). 

1.1. de Rham setting. In this subsection, we will recall the definitions of the de 
Rham fundamental group, torsor, path space, the tangential base point and the 
canonical base point and see how we obtain the canonical de Rham path in the de 
Rham fundamental torsor by the canonical base point, all of which are developed 
in [DeT]S12. 

Notation 1.1. In this subsection we assume that K is a field of characteristic 0. 
We denote the category of the nilpotent part 1 of the category of the pair (V, V) of 
a coherent Ox-module sheaf V on Xk and an integrable (i.e. VoV = 0) connection 
V : V — > V ® by NC dr {Xk)- i It forms a neutral tannakian category (for the 
basics, consult |D^lj ) by |Uel| . For our quick review of these materials, see |S1| . 

In the de Rham realization, we consider three fiber functors. Suppose that x is 
a ^-valued point of X, i.e. x : SpecK — > X K . The first one is lo x : J\fC BR (X K ) — > 
VecK (Vecx- the category of finite dimensional K- vector spaces) which is the pull- 
back of 7VC dr (Xk) by x. Actually this forms a fiber functor (consult |DM| for its 
definition) by |S1|S3.1. The second fiber functor is the one introduced in |Del| §15 
(and developed to higher dimensional case in (BP) ): Let s £ D and put T s = T s Xk 
and T s x = T s \{0}(= G m ), where T s Xk is the tangent vector space of Xk at s. 
By the construction of the extension of unipotent integrable connections to tangent 
bundles in [Del] S 15.28-15.36. we have a morphism of tannakian categories (see also 

EH) 

(1.1) Res s : MC DR {X K ) -> A/"C DR (T* ) 

which we call the tangential morphism. By pulling back, each K-valued point t s 
of T s x determines a fiber functor uj ts ■ A/"C DR (A^) — > VecK which we call the 



It means the full subcategory consisting of objects which are iterated extensions of the unit 
objects. 
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tangential base point. The last fiber functor is the special one under the assumption 



(i.e. X is a curve with genus 0): Let cor : MC (Xk) — > VecR- be a functor 
sending each object (V, V) G MC dr (Xk) to T(X K ,V can ), the global section of 
its canonical extension (V can ,V can ) into Xk |L>el| §12.2. This functor forms a 
fiber functor f jlDel] §12.4) because V ca n forms a trivial bundle over Xk due to the 
condition (|1.2(l by Del Proposition 12.3. We call lot the canonical base point. We 
note that the assumption (|1.2(l is necessary. The functor lot would be no longer a 
fiber functor if X was a proper smooth curve with genus g > 0. 

Lemma 1.2 (' |Del| ?15.52). LetLO* audio*' be any fiber functors above. Then under 
the assumption i|1.2[l there is a canonical isomorphism g?*»< : lo* — > uy . 

Proof . It is because V can forms a trivial bundle for (V, V) <E MC t>r (Xk) that we 
get a canonical isomorphism 



w»(V, V) = V (x) = V c ^ (x) S Ov Kj(;c) ®r(Xx,Vcan) = Ox k {x) ®lo v {V, V) £* w r (V, V). 



The fiber functors lo x and oj ts (and wr under the assumption (^3) play a role 
of 'base points'. 

Definition 1.3 f |Del) L Let w„ and ay be any fiber functors above. The de Rham 
fundamental group ttY (Xk '■ *) is -/hrf®(w») and the de Rham fundamental torsor 

irf R (X K :*,*') is /sow ® (a;*, ay) (for Aui® and Isom ®, see |TM| L 

The former is a pro-algebraic group over K and the latter is a pro-algebraic 
bitorsor over if where t^ r (Xk '■ *) acts from the right and 7rP R (X^ : *') acts from 
the left 2 and by definition itf (Xk :*,*) = 7rP R (XR- : *). Particularly under the 
assumption l|1.2fl . we have a canonical de Rham path d* t *' 6 tt^ r (Xk ■ *, *')(K) by 
Lemma ll.2l This path is compatible with the composition: t2*'y/-c2*y = d*y. Wc 
also note that for any field extension K' / K the category J\fC DR (XK>) is equivalent 
to 7VC DR (Xx) ®k K' which is the category whose set of morphisms, if'-linear 
space, is replaced by the extension of the set of morphisms of J\fC DR (XK), if -linear 
space, by K' ( jDeT]S10.4lL whence k? r (X k > : *) = n? R (X K : *) x K K' and 
ir? R (X K , : *, *') S ttP r (Xk : *, *') x K K' . 

To establish the notion of the de Rham path space, we recall the notion of 
affine group T-schemes for a tannakian category T ( Del §5.4 and |DG| §2.6). The 
category of affine T-schemes is the dual of the category of ind-objects of T which 
are unitary commutative algebras, that is, each object is an ind-object A of T with 
a product A ® A — > A and a unit 1 — > A verifying usual axioms. We denote the 
corresponding affine T-schemes with A by SpecA. An affine group T-scheme is a 



(1.2) 



H 1 (X,O x ) = 0. 



and similarly 




For any two loops 7 and 7', the symbol 7' • 7 stands for the composition of two which takes 
7 at first and takes 7' next. Throughout this paper, we keep this direction. 
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group object of the category of affirie T-schemes, i.e. the spectrum of a commutative 
Hopf algebra. 

Definition 1.4. The de Rham path space 3 P^ R is an affine group AfC DR (X K ) <E> 
AfC DR (X K ) 4 -scheme introduced in |DeT]S6.13 and [Dni§4, which satisfies 

(u®u')(P$? : ) = Isom ®(u,Lo')(K) 

for any fiber functors u>,u>' : MC dr (Xk) — > Vcck and is represented by an ind- 
object „4 DR of AfC DR (X K ) ® AfC DR (X K ) i.e. = SpecA DR . The de Rham 

fundamental path space Px R u w ' tn tne base point w is its pull-back by ui(£)id, which 
is represented by the ind-object A® R := {u <g> id)(A UR ) of J\fC DR (X K ). 

By definition, we have 

(1.3) k®^)^ - = : *>*')(*)• 

1.2. rigid setting. In this paper we take rigid fundamental groups (torsors) as 
a crystalline realization of motivic fundamental groups (torsors). We will recall 
the definition of the rigid fundamental group jCLSI 1^2] . torsor, path space, the 
tangential base point |BFI IDel| and the canonical Frobenius invariant path |Besl 

rvoT| . 

Notation 1.5. In this subsection we assume that K is a non-archimedean local 
field of characteristic 0. We denote V to be its valuation ring and k to be the 
residue field of characteristic p > with q(= p r )-elements. We also assume that 
Xk with Dk is a generic fiber of a proper smooth geometrically connected curve 
X with a divisor T> over V. We denote its special fiber over k by Xq with Dq. Put 
Xq = Xo\Do and its natural embedding j : Xq Xq. We denote the category of 
the nilpotent part of the category of (overconvergent 5 ) isocrystals, which consists 
of the pair (V^V*) of a coherent j'O-r^, 6 -module sheaf and an integrable 

connection : V f -> V f ®o,- , Mh> by AflUX ). Here ]X \ stands for the 

]Jt [ JAol 

tubular neighborhood |Ber) of Xq. This category depends only on Xq and forms a 
neutral tannakian category and depends only on Xq (cf. |Berl ICLH1 IS2| ). For our 
quick review of these materials, see |Bes| . 

In the rigid realization, we consider three fiber functors. Suppose that xq is a 
A:-valued point of Xq, i.e. xq : Spec k — > Xq. The first one is lu Xo : MI\Xq) — > 
VecK which is the pull-back of Ml (Xq) by xq. This forms a fiber functor and is 
described by u Xo {V\V^) = V^(]xq[) w ' V\]xq[) \ V^v) = 0} for (V+.Vt) £ 

A/Tr(Xn) on the tubular neighborhood of ]xo[ |Bes| . The second fiber functor is 
lu So : Afl\X ) -> Vec K (so £ D ) introduced in [BE] Definition 1.3: This is 
described by w So (V\ V f ) = {v G VtQsoDIlog z So ] | V^u) = 0}, where log Q is a 
branch of p-adic logarithm such that log° p = a K and z So is a local parameter of 
}sq[ fcf.|Fl| §2.1). The last fiber functor is the rigid version of the tangential base 
point: Put T So = T So X and T s x o = T S[1 \{0}(^ G m ) where T Sa X is the tangent 

3 In IDell §6.13, it is called the fundamental groupoid. 

4 That is the tensor product of tannakian categories )Dell S5.18. 

^We can omit it because it is shown in ICLSI that unipotcnt (nilpotent) isocrystals are 
overconvergent . 

^We do not call f 'plus' but 'dagger'. For the definition of j^Op^ r, see IBesl . 
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space of Xq at sq. By the construction in BF §2, we have a morphism of tannakian 
categories 

(1.4) Res SB : Ml\X ) Mtf(T£), 

which we call the tangential morphism. Thus each fc-valued point t So of T s * de- 
termines a fiber functor u>t aa ■ jVT'(Xq) — > VecK by pulling back. Shortly the 
construction of Res S(l developed in |BF| is the transmission of the morphism 
into the rigid setting by the categorical equivalences NC vk (Xk) — M1^(Xq) and 
ATC DR (T S X ) S j\fl\T*) in [HTS1IS2]. where s is the reduction of s. 
The fiber functors, w l0 , lu So and Wj a , play a role of 'base points'. 

Definition 1.6. Let and c*v be any fiber functors above. The rigid fundamental 
group 7rf rlg (X : *) is Aut ®(u>*) and the rigid fundamental torsor tti'" s (Xq : *,*') 
is Isom ® (ui* , ay ) (cf. |CLS1 IS2] L The rigid path space V x is an affine group 
M1^{Xq) ® A/"T^(Xo)-scheme which satisfies 

{uo ® lo'){V Xo ) = Isom ®(uj,uj')(K) 

for any fiber functors uj, uj' : AfT^ (Xq) — ► VecK and is represented by an ind-object 
A f aiAfrt(X ) ®Afl\X ), i.e. V Xa = SpecA^ . The rigid path space T XoMJ with 
the base point uj is its pull-back by uj <E> id, which is represented by the ind-object 
Al := (uj $ id)(A^) oIN1 ] (Xq). 

We note that Trf' Ils (X :*,*') is a pro-algebraic bitorsor over K where ir\ '" S (X : 
*) acts from the right and 7r^' ris (Xo : *') acts from the left. By definition we have 

(u*®u>*,)V Xo =u*'(V Xo>u J = 7rf' ris (X : *,*')(K). 

Let F q be r-th power of the absolute Frobenius automorphism on Xq and its 
induced automorphism on T* (s £ Do)- The pull-back functors F* : Nl^ (Xq) — > 
M1\Xq) and F* : j\frf(T*) -> j\fl\T*) determine equivalences of tannakian 
categories. We note that they are compatible with i|1.4|) ( BF §2). They induce 
isomorphisms f |Del) §10.44) 

(1.5) F q :V Xo ^F;V Xo , 
(1-6) F q :V Xo , u ^F*(V Xo ,F^) 

(1.7) F q :^(XQ-.*,*')^^(XQ :*,*')■ 

Definition 1.7. f |Del| §10.44) The Frobenius actions (f> q stands for the inverse 7 
F" 1 in dUSJ - <|T7jl . 

By (11.51) and 1)1. 6|l the ind-objects ,/v anc i ^ i n Definition II .61 naturally admit 
structures of md-overconvergent F-isocrystals, where an overconvergent F-isocrystal 
means an overconvergent isocrystal V with a Frobenius structure <fi (i.e. a horizontal 
isomorphism </> : F*V — > V). The description of the Frobenius structure in case of 
X = P 1 \{0,l,oo} is one of our main topics in this paper. The following lemma 
which takes a place of Lemma ll.2l in our rigid setting is indispensable to our study. 



We take the inverse to follow lEell §13.6. 
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Lemma 1.8. Let ai* andio*' be any fiber functors defined above. Then there exists 
a unique path c*y £ 7Ti' ns (Xo : *,*')(K) which is invariant under the Frobenius 
action, i.e. F q (c*^>) = c* : *'. 

This result is shown by Besser |Bes] and Vologodsky |Vol| for usual base points 
(more generally in higher dimensional setting) but their proofs also work for tan- 
gential base points and points on Dq directly. We call c* : *» the Frobenius invariant 
path. We have compatibilities, such as functorialities and c*' j+ " ■ c*,*/ = c* : *» (for 
more details, see [Besj V 

1.3. Betti setting. We will briefly recall the definition of the Betti fundamental 
group, torsor and the tangential base point in |Uel| S15. 

Notation 1.9. In this subsection, we assume k = C. We denote the category of 
the nilpotent part of the category of local systems 8 of finite dimensional Q-vector 
spaces over the topological space X(C) by Af£ Be (X(C)). It also forms a neutral 
tannakian category over Q by |Del| S10. 

In the Betti realization, we consider two fiber functors. Suppose that x £ 
X(C). The first one is uj x : AfC Bc (X(C)) — » VecQ which associates each nilpo- 
tent local system V with the pullback V(x). Actually this forms a fiber functor 
of A^£ Be (X(C)) by |DeI|610. The second one is the tangential basepoint: Let 
s £ D(C) and put T s =_T S X(C) and T* = T s \{0}(^ G m ), where T S X(C) is the 
tangent vector space of -X'(C) at s. By |Delj SS15.3-15.12. we have a morphism of 
tannakian categories 

(1.8) Res s : Af£ Bc {X{C)) ^ AfC Be (T* (C)). 

which we call the tangential morphism. By pulling back, each point t s £ T* (C) 
determines a fiber functor u ts ■ NC Be (X(C)) — > VecQ. 

The above fiber functors, lo x and 0Jt s , play a role of 'base points' and the following 
is a reformulation of the Betti fundamental group and torsor in [13el| S13. 

Definition 1.10. Let and u>' t be any fiber functors above. The Betti fundamental 
group ir Be (X(C) : *) is Aub® (cj*) and the Betti fundamental torsor ir Bc (X(C) : *, *') 
is Isom ® (w* , cj*/ ) . 

The former is a pro-algebraic group over Q and the latter is a pro-algebraic bi- 
torsor over Q where 7rf e (X(C) : *) acts on the right and 7rf e (X(C) : *') acts on the 
left. We note that we have a natural morphism from the topological fundamental 
group 7r^ op (X(C) : *) (resp. torsor 7rJ op (JT(C) : *, *')) to the set of Q-valued points 
on the Betti fundamental group 7rf c (X(C) : *) (resp. torsor 7rf c (X(C) : *,*')), 
which induces an isomorphism between -k Bc (X(C) : *) and the Malcev (unipotent) 
completion [DeT]§9 over Q of 7r* op (X(C) : *) C fDeT] §10.24). As for th e topological 
fundamental groups and torsors with tangential base points, see |Del| §S15. 3-15.12. 
Although we have a canonical path, both in the dc Rham setting */ Lemma ll .21 
and in the rigid setting c*,*< Lemma 1 1.81 the author do not know whether we have 
any canonical path connecting any two base points * and *' in the Betti setting or 
not. 



We mean covariant functors V : n_y(c) ~ * ^ ec Q where ITx(c) stands for the category whose 
objects are points on X(C) and whose set of morphisms between two points * and *' on X(C) is 
the usual topological fundamental torsor 7rJ op (X(C) : *, *'). 
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Assumption 1.11. Further we assume that (X,D) has a real structure (X',D'), 
i.e. (X,D) = (WxnCD' x R C), 

Let be an involution of X(C) induced from the complex conjugation z 6 
ChzeC and its induced automorphism on T s x (s G D). The pull-back functor 
: MC Bc (X(C)) -> AA£ Bo (X(C)) and : MC Bc {T s x (C)) -> A/"£ Bc (T s x (C)) 
determine equivalences of tannakian categories. We note that they are compatible 
with H1.8[) . They induce the isomorphism 

-Foo : ^? C (^(C) : *, *') - nf°(X(C) : 5, 5') 

where 5 (resp. *') means F^i*) (resp. (*'))■ 

Definition 1.12. The infinity Frobenius action stands for the inverse of F^, 
above. 

The description of the infinity Frobenius action in case of X = P 1 \{0, 1, oo} will 
be discussed in §21 

1.4. etale setting. We will briefly recall the definition of the etale fundamental 
group, torsor and the tangential base point in |Del| S15. 

Notation 1.13. In this subsection, we assume that if is a field of characteristic 0. 
We denote K to be its algebraic closure and X-g to be the scalar extension of Xk 
by K. Let I be a prime (we do not need to assume that I is inequal to the prime p 
in ijl.2|l . We denote the category of the nilpotent part of the category of etale local 
systems 9 of finite dimensional Q;-vector spaces over X(K) by M£ (Xjt). It also 
forms a neutral tannakian category over Q;. 

In the etale realization, we consider two fiber functors. Suppose that x G X{K). 
The first one is the pullback tu x ■ N£ l {X-^) — > VecQ, which associates each nilpo- 
tent etale local system V with the pullback V(x). The second one is the tangential 
base point: Let s G D{K) and put T s = T S ~X W and T s x = T s \{0}(^ G m ), where 
T s Xj^ is the tangent vector space of Xj^ at s. By |Del| S?15.13-15.26. we have a 
morphism of tannakian categories 

(1.9) Res s : M£ l {X w ) -> M£ l (T* ) 

which we call the tangential morphism. By pulling back, each if -valued point t s in 
Tf determines a fiber functor uj ts ■ J\f£ (Xjc) ~* V ec Qi- 

The above fiber functors, ui x and u>t B , play a role of 'basepoints' and the following 
is a reformulation of the Z-adic etale fundamental group and torsor in |Del| §13. 

Definition 1.14. Let w* and uv be any fiber functors above. The /-adic etale 
fundamental group tt{ t (Xj^- : *) is Aut ®(u>*) and the Z-adic etale fundamental torsor 

TT l { ct (X^ : *,*') is Isom ®(u}*, lj*>). 

The former is a pro-algebraic group over Q; and the latter is a pro-algebraic 
bitorsor over Q; where ir l { et (Xj£ : *) acts on the right and n{ et (X^ : *') acts 
on the left. Let K' be an algebraically closed field containing K. The scalar 
extension induces a categorical equivalence J\f£ (Xj^i) = M£ (Xjf), from which we 

^We mean covariant functors V : ^x-^ — > V ec Qi where n_jf— stands for the category whose 
objects are points on X(K) and whose set of morphisms between two points * and *' on X(K) is 
the pro-finite fundamental torsor 7ri(X~> : *, *') in 
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get isomorphisms tt 1 { t (Xj^> : *) = -K l { ct {X^- : *) and i: l { ct {X^ : *, *') £± iT l { ct (X^- : 
*,*') f|HeT| §10.19). 

Suppose that * and *' are K- valued points on X or for s 6 D (this assumption 
is attained by enlarging the base field K). Let a E Gal(K / K). We get Galois action 



from the Galois action id® a : X-^ — > X-^ in a similar way to our construction of F q * 
in til. 21 and Fqo* in til. 31 We note that the pro-finite fundamental group if\{X^ : *) 
(resp. torsor 7Ti(X^ : *,*')) also admits Galois action and we have a morphism 



from n\(X w : *) -f 7rj^(J% : *)(Q Z ) (resp. tt\(X w : *, *') -» Trj'^X^ : *, *')(Qi)) 



which is compatible with its group (resp. torsor) structure and their Galois group 
actions. Actually this morphism induces an isomorphism between ir l { ct {X-^ : *) 
and the Malcev (unipotcnt) completion over Q ; of ni(X w : *) |P3eT] §10. 

Lemma 1.15. Assume that K is a number field with ring of integers Ok- Let * 
and *' be any K-valued points. Let p be a prime ideal, coprime to IOk, where the 
triple (X, *, *') has a proper smooth model over Ok,p with a good reduction. Then 
there exists a unique path t , G ir l { et {X-j^ : *, *')(Qi) which is invariant under the 
action of Frobenius element Frobp ofp, i.e. Frobp(e p r r ,) = 

Proof . By the above assumption ir l { et (Xj^ : *, *') is unramified at p, whence we 
have an action of the geometric Frobenius Frobp of p. Since the eigenvalues of 
the -Fro6 p -action on Hl t (X-^, Q/) are positive weight Weil numbers, we obtain a 
unique Frobenius invariant path t , by an inductive construction same to |Bes| S3 
(or C5D§4.3). □ 

We note that this Frobenius invariant path #/ equips nice compatibilities such 
as functorialities and e^, ^, -ej „/ = ej| ^„ similar to d*,*' in til. H and c*,*/ in i ll. 21 As 
Besser |Bes| gave the Frobenius invariant path c».»< an interpretation of Coleman's 
p-adic iterated integration in the rigid setting, the author thinks that there may be 
also a significance on the above special path in the Z-adic etale setting. 



This section is divided into three sides. The first side is the Berthelot-Ogus side 
f tl2.1fl where we shall give our main results. A tannakian interpretation of p-adic 
MPL's and p-adic MZV's (p: prime) 10 is given in Theorem 12.31 and Theorem 12. 51 
By describing Frobenius action on the rigid fundamental group of the projective 
line minus three points we deduce an explicit formula between our p-adic MZV's 
and Deligne's p-adic MZV's |De2l IDG| in Theorem 12.81 Further by considering 
Frobenius action on a rigid path space we introduce an overconvergent version of p- 
adic MPL in Definition ^. 131 Its expression in terms of our p-adic MPL's is given in 
Theorem 12. 141 The second side is the Hodge side ft !2.2|) . where results analogous to 
t l2.1l are presented. A tannakian reinterpretation of MPL's and MZV's are given in 
Proposition ^ . 201 and Proposition 12 . 2 II following |BD| . Using the infinity Frobenius 
action on the Betti fundamental torsor of the projective line minus three points we 
introduce a new version of MPL (|2.20() . Its monodromy-free property is shown in 
Theorem 12.271 Its description is given in Proposition 12.261 The third side is the 



Let / v / 

a : tt{ (X-j? : *, * 



)^n l { 6t (X w :*,*') 



2. Tannakian interpretations 



'MPL stands for multiple polylogarithm and MZV stands for multiple zeta values. 
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Artin side ( H2.3|l . We discuss Z-adic etale analogues of MPL's and MZV's defined 
in a way that Wojtkowiak [ffij introduced the Z-adic polylogarithms. 

Throughout this and next section, we fix X = P 1 \{0, 1 , 00} = SpecQ{t, j, j^j] C 
X = P 1 and D = {0, 1, 00}. We denote the local parameter of r o x induced from t 
by to and the point to — 1 on T X by 01. Similarly we denote the local parameter 
of T* induced from 1 — t by t\ and the point t\ = 1 on T* by 10. 

2.1. Berthelot-Ogus side — main results. In this side, we shall use a Berthelot- 
Ogus-type comparison isomorphism fLemma 12.2(1 between a de Rham fundamental 
torsor and a rigid fundamental torsor for X. Our first results are a tannakian 
interpretation of p-adic MPL's and p-adic MZV's in Theorem 12 . 31 and Theorem 12. 51 
respectively. Secondly we consider Frobenius action on a rigid fundamental group. 
The definition of Deligne's p-adic MZV's |De2l ID(t| which describes the Frobenius 
action is recalled. By using a tangential morphism we give an explicit formula 
between his and ours in Theorem 12.81 Thirdly we consider Frobenius action on a 
rigid path space. Overconvergent p-adic MPL is introduced in Definition 12.131 It 
describes the Frobenius action and takes Deligne's p-adic MZV as 'a special value' 
at z = 1. A formula to express it in terms of our p-adic MPL's is given in Theorem 

i2~n 

Before we state our first results we give notations and basic lemma below which 
will be frequently employed in this subsection. 

Notation 2.1. We denote the special path ( t il. 1(1 in the de Rham fundamental 
torsor 7rP R (V : 01,z)(Q p ) for z G X(Q p ) by d z . In particular we simply denote 
*%1 1(5 ul k v d. Put Xo = Pp \{0, l,oo} C Xo = Pf p - Similarly we denote the 
special path Cgj 2q C HI. 2(1 in the rigid fundamental torsor Trf ,ns (Xo : 01, Zo)(Q p ) for 
zo G Xo{F p ) by c Zo . In particular we simply denote ^ by c. The composition 
of the embedding nf R (T x : 01) -» nf R (X : 01) by fTTTft and the exponential map 
i?P R (T x ,Q) -> 7rP R (T x ,01)(Q) sends the dual of ^ to a loop denoted by x. 
Similarly a composite morphism to 7rP R (T x , 10) (Q) sends the dual of ^ to a loop 
denoted by y'. Put y = d~ 1 y'd G 7rP R (A' : 01)(Q) Then it is easy to see that x 
and y are free generators of the pro-algebraic group 7rP R (V : 01). In this section, 
we consider the embedding into the non-commutative formal power series with two 
variables A and B 

(2.1) i : tt¥ r (X : 01)(Q) ^ Q((A, B)) 

which sends x i-> e A := 1 + ^ + H and V ^ c B ■= 1 + fi + fr H ■ We 

note that this morphism is isomorphic to the embedding of irf R (X : 01) (Q) into 
the universal embedding algebra of Lieirf R (X : 01) (Q). By abuse of notation we 
also employ the same symbol i when we mention its scalar extension. 

The following Berthelot-Ogus type comparison isomorphism for fundamental 
torsors is our basics in this subsection. 

Lemma 2.2. Let z be a Q p -valued point of X or T s x (for s G D) and zq be its 
modulo p reduction. 



12 



HIDEKAZU FURUSHO 



(1) Ifz lies onX (F p ) orT*{F p ), 

(2) If z does not lie on X Q (F p ) nor T s *(F p ), 

nf R (X Qp :01,z)x Q p . st * 7rf' rig (X : 01, z Q ) x Q p , st 

where Q ps t stands for the polynomial algebra Qp[l(p)] with one variable 
l{p). 

Proof . An equivalence of tannakian categories 
(2.2) MC™{X Qv )^Nl\X Fv ) 

is shown in [CLSL 152] in more general situation. In case of zq G Xq(F p ) it gives rise 
to a natural isomorphism 

for (V, V) G JVC DR (X Qp ), where (V\ V*) G Ml\X Fp ) is associated with (V, V) via 
(|2~2|) . The equivalences JOJ and JVC DR (T* Q ) = Aftf(T*) are compatible with 
tangential morphisms (cf. BF ). They also give rise to an natural isomorphism 

w,(ife*(V,V)) ^^(itesO^V*)) 

for (V, V) G AfC DR (X Qp ) in case of z G T x (F p ). The equivalence JOJ and the 
above two isomorphisms of hber functors follow the isomorphism in (1). In the rest 
case a natural isomorphism 

w,(V, V) ® Qppfr)] = w w (Vt, Vt) ® Q p [Z(p)] 

is explained in |Volj §4.4, which follows the isomorphism in (2). □ 

We note that this variable l(p) reflects a branch parameter a G Q p of the p-adic 
polylogarithm log a . By identifying the above two fundamental torsors by Lemma 
12.21 we get a de Rham loop d~ 1 c Zo , which lies in ir^ R (X : 01) (Q p ) in case of (1) 
and in irf R (X : 0T)(Q p , st ) in case of (2). 

Theorem 2.3. Let z be a Q p -valued point of X and z$ be its modulo p reduction on 
Xq. The de Rham loop d~ 1 c Zo corresponds to the special value of the fundamental 
solution Go 11 at z of the p-adic KZ equation by the embedding i: 

iid^c^) = G {z). 

Proof . Our main tools to prove the theorem are a tannakian description of the 
KZ equation and Besser's tannakian interpretation of Coleman's p-adic iterated 
integration theory. 

We start with the KZ equation. Let (Vkz, Vkz) be a pro-object of AfC DR (X) 
associated with the KZ equation. Namely Vkz = Ox ((A, B)) and Vkz (5) — dg — 
( j + jzj)gdt for local section g. By |Delj Proposition 12.10, the Lie algebra p DR of 
irf R (X : F) is free generated by two representatives (f )* and (^-)* in H? R (X, Q) 
which are dual basis of f and ^ in H^ R (X, Q) H°(X~, Q-L(log-D)) respectively 

case of zo € Xq(F p ) it means the fundamental solution of the p-adic KZ (Knizhnik- 
Zamolodchikov) equation in Q P ((A, B)) constructed in Fl Theorem 3.3 and in case of zq 
Xq(F p ) it means the series in Q p , s t ({A, B)) whose specialization at l(p) = a is Gq(z) in loc.cit. 
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because H 1 (X,Oj^) — 0. By the basic theorem |DM| of tannakian categories, the 
fiber functor wr induces an equivalence of categories 

(2.3) NC™ {X K ) S NRep p DR 

where the right hand side stands for the category of nilpotcnt representations of 
the Lie algebra on finite dimensional Q-vector spaces. 

Lemma 2.4. By (|2.3|) the pro-object (Vkz,Vkz) corresponds to the vector space 
Q{(A,B)) with the left multiplication L : p DR -> gl(Q((A, B))) such that L (( f)*) = 

La and L = Lb- Here Lp for F G Q((j4, B)) means the left multiplication 

byF. 

Proof . In |Del| §12.5. Deligne give a recipe of the correspondence (|2.3|l (in more 
general situation): Let (V, V) G AfC DR {X). We put V = r(X,V can ) = w r (V,V) 
and decompose as V can = d+uj where d : V®0~y — > Vfg)Q^(logD) is the differential 
induced from d : O t -> Q^{\ogD) and ui G H° (X , HL(\og D)) ® EndV . By the 
integrability of V, we have the Lie algebra homomorphism p : p DR — > glV such 
that p\h° b (x Q) = — w ; which gives an object (V, p) G NRep p DR . Conversely 
let (V,p) G A/"i?ep p DR . We put u = -p| H p R(XiQ) (a) G #£ R (X,Q) ® £ndV 
fl-°(X,n^(log£))) (8 £WF where a G H^ K (X, Q) <8> #P R (X,Q) is a canonical 
tensor representing the identity on Hf R (X, Q). This gives (V, V) = (V®Gx, dx + 
u\ x ) eNC BR (X). 

Following his recipe we see that L corresponds to 

w = jL A + j^jL b g H? r (X, Q)§ fl /(Q((A B)» 
which gives the claim. □ 
By abuse of notation, we denote its induced group homomorphism by 
L : Trf R (X : T) -» Au*Q((A, B)). 
By the constructions of i and L above, we have 

(2.4) i = ev\ o L o Tni g?q+ p . 

Here Jnt r : ttP r (X : 01) (Q) -» nf R (X : T)(Q) is the automorphism sending 
7 i — > <%f r ■ 7 • d^}^ and ei>i : Au£Q((A, B)) — ► Q((A, B)) is the evaluation at 1 
sending a \— > cr(l). 

Our second tool is Besser's tannakian interpretation of the Coleman's p-adic iter- 
ated integration theory [C] in [Bes]: He called a set v — {v Xo G uj Xo (V\ V^)\xq G X (F p )} 
for (V\ V^) G jVX^Xo) a collection of analytic continuation along Frobenius of hor- 
izontal section of (V 1 *, V*) if c^^u^) = v x > for all £ ,£o G X (F p ) where c.^^ 
is a Frobenius invariant path in Lemma 11.81 and showed that each Coleman func- 
tion of X(C P ) (in the sense of Bcs §5) is expressed as a set {0{v Xo )}x o with a 
3 @]~X^\ ® Cp-module homomorphism # : ® C p — > j'TOi^-r ® C p and a collection 

u = {v Xo }x of analytic continuation along Frobenius of a pair (V*, V*) G Afl\X ). 
In BF] we further extend Coleman functions to normal bundles by making use of 
Frobenius invariant path to tangential basepoints. 

In our previous paper |F1) we consider the p-adic KZ equation and construct its 
fundamental solution Go(i), a two variable non-commutative formal power series 
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with Coleman function coefficients. In his terminologies it is a collection {G'o|] a ; [} a , o 
of analytic continuation along Frobenius of horizontal section of (Vj iz ,'V KZ ) (the 
associated pro-object of Afl\X ) with (Vkz,Vkz)), i.e. c Xo . yo (G \]x [) = Go\] yo [ 
for xq and yo- And since in our case the tangential morphism for s = 

sends (V KZ , V KZ ) to (O t * ((A,B)),d- A%), 4 = 1+ l -^A + ^^Hl^ 2 + 
(log * o) A 3 + • • • might be a collection of analytic continuation along Frobenius of 

horizontal section of Reso(vl iz ,'V KZ ). By our tangential base point interpretation 
( BF Proposition 2.11) of the notion of the constant term ( BF Definition 2.1) of 
horizontal sections, we see that t$ is an analytic continuation along Frobenius of 
Go(t) to T Q X because both the constant term of Go(t) at t — and the constant 
term of tp at to = are equal to 1. Namely c^j yo (to Ijoir) = Go(t)\] yo [- 

Let z be a Q p -valued point X with reduction zq. We regard c Z[) to be a de Rham 
path via the identification in Lemma 12.41 The isomorphism d*x : cl>*(Vkz, Vkz) — * 
wr(VKZ, Vkz) = Q P ((A, B)) for * = 01 and z let us rewrite 

(2.5) d Zt vc za -d rM (l)=G (z). 

By (E31, (|23|) and d z . r = d^* r ■ d~ x , we prove Theorem |2~31 □ 



In our previous paper jFl| Theorem 3.15 we showed that in each coefficient of 
Go(z) there appears p-adic MPL Li^,--- ,k m (z), which is a Coleman function admit- 
ting the expansion (|0.1fl on \z\ p < 1. In precise the coefficient of A km ~ 1 B ■ ■ ■ A kl ~ 1 B 
in G {z) is (-l) m Li fcl ,... )fcm (z): 

Go(z) = l + \ogzA-Li l {z)B + --- + {-l) m Li ku ..., km {z)A k ™- 1 B---A k i- 1 B + --- . 

By Theorem 12.31 we may say that the loop dj 1 c ZQ is a tannakian origin of p-adic 
MPL's. 

In case when z is also a tangential base point 01, similarly we have 

Theorem 2.5. The de Rham loop d~ x c £ 7rf R (X : 01)(Q P ) corresponds to the 
p-adic Drinfel'd associator £ Q p ((A, B)) by the embedding i, i.e. 

l (d' 1 c) = <P p KZ . 

Proof . The p-adic Drinfel'd associator $^ z is the series constructed in |F1| Def- 
inition 3.12 which is equal to the limit value f |F1| Lemma 3.27) 

(2.6) lim' exp (- log a e • B) ■ Gg(l - e) £ Q P ((A, B)). 

In other word it is the constant term of Gq(z) at z = 1. Then by a similar argument 
to the proof of Theorem 12. 31 we have c^j jg(*o l]ot[) = ^kz ' whence 

(2.7) d l6r -c-d rM (l) = ^ z . 

By (EU), (|2~TB|) and d^ r = d^ r • dT 1 , we prove Theorem l2~5l □ 

In our previous paper |F1| Theorem 3.30 we showed that in each coefficient of the 
p-adic Drinfel'd associator <&^ z there appears p-adic MZV ( p (ki, • • • , k m ) (k m > 1) 
introduced in |F1| . which is a p-adic analogue of i|0.2f> . In precise the coefficient of 
^ m -i£...^i- 1 5m$£ z is(-l)™C P (fci,--- ,*m): 

= 1 + • ■ ■ + (-l) m C P (fci, • • • , k m )A km ~ 1 B ■ ■ ■ A kl ~ 1 B + ■■■ . 



p-ADIC MULTIPLE ZETA VALUES II 



15 



By Theorem 12.51 we may say that the loop d l c is a tannakian origin of p-adic 
MZV's. 

Note 2.6. The p-adic Drinfel'd associator <1>^ Z is group-like |F1| . that means 
A$^ z = $kz®*kz where A : Q P ((A, B)) -> Q P ((A, B)) is the linear map induced 
from A(A) = A&1 + 1&A and A(B) = B&1 + 1&B. Hence each coefficient of $^ z 
must satisfy (integral) shuffle product formula (cf. |F1| . |FJ|). We can recover and 
express general coefficients of $^z in terms of Cp(ki, ■ • • , k m )'s (k m > 1) by the fol- 
lowing method: Let W be a word, i.e. a monic and monomial clement in Q p ((A, B)). 
Put Cw to be its coefficient of ^kz- We have Ca = Cb = 0. For a convergent 
word W written as A k ™~ 1 B ■ ■ ■ A^- 1 B (k m > 1), C w = (-l) m C P (k u . . . , k m ). For 
a divergent word W' written as B r W (r > 0) with W: convergent, shuffle product 
formula gives 

C r B ■ Cw = rlCs^w + other terms. 
By an induction with respect to r, Cw' is calculated and is expressed in terms of 
Cw's with W: convergent. For a word W" — B r WA s (s > 0) with W: convergent, 
a similar induction argument let us able to calculate Cw" ■ 

Our second result is on a description of a Frobenius action. We consider a 
Frobenius action F p on 7rP R (X : 01,10)(Q P ) by transmitting that on tt^' 11s (Xo : 
01, 10)(Q P ) by Lemmal2~2l It gives a new path F p (d) in nf R (X : 01, Tu)(Q p ) which 
is our central object to discuss here. In Arizona Winter School 2002, Deligne |De2| 
introduced another version of p-adic MZV which has a different tannakian origin 
from ours (see also |DG| §5). 

Definition 2.7. The p-adic Deligne associator $p is the series in Q p ((A, B)) which 
corresponds to d~ 1 4> p (d): 

i(d-%(d)) = $P C . 

To adapt the notations to ours above, we denote C° e (fci, • ■ • ,k m ) (k m > 1) to 
be the coefficient of A km ~ 1 B ■ ■ ■ A kl ~ 1 B in ^ c multiplied by (-l) m : 

^Dc = 1 + ' ' ■ + (-l)% D °(fci, ■ • ■ , k m )A k ^B ■ ■ ■ A k ^B + ■■■ 

and call it Deligne's p-adic MZV. Since <I>q c is group-like, we can recover and express 
general coefficients of $q e in terms of (^(ki,--- ,k m )'s (k m > 1) as Note l2~T)l 
Deligne's p-adic MZV's come from the loop d^ 1 <j) p (d) while ours come from the 
loop d c. So his are different from ours. But we can give a close relationship 
between them: 

Theorem 2.8. 

(2.8) <s>UAB) = $Ua,b) ■ $L (^LtA^-^LtAB)) • 

Here the last term means the series substituting ( — , $q c (A, _B) _1 — $p e (A, B)) in 

This formula looks nasty. But according to the convention 12 in |F0j of the 
Grothendieck-Teichmuller group |Dr| we rewrite simpler (p, $^ z ) = (p, $p c ) o 

12 Let k be a field with characteristic 0. Let ci,C2 6 ft and gi(A, B),g2(A, B) G k{(A, B)). The 
product (c 2 ,fl 2 ) o (ci,ffi) is defined by (cic 2 , g 2 (A, B) gi ( A, g 2 (A, B)- 1 %-gi{A, B))) . 
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(l,$£ z ), i.e. 

(2-9) (p,^ e ) = (p,& KZ )o(l,& KZ )-\ 

Proof . We extends the Frobenius action 4> p on 7rf R (V, 01)(Q P ) to Q P ((A, B)) by 



i. 



Lemma 2.9. P (A) = j, ^(5) = ^, 
Proof . By the compatibility of the Frobenius action on the tangential morphism 



lm- 



Q p (l) = <' S (T X : 01)(Q P ) 7rf ns (Xo : 01)(Q P ) we have p (x) = x». S 
ilarly we have 4> p {y') = y*. Since Frobenius action is compatible with the tor- 
sor structure we have 4> p (y) = 4> p (d~ 1 y'd) = (d~ 1 4> p {d))~ 1 d~ 1 y'pd{d~ l 4> p (d)) — 

By d~ 1 (f> p (d) — d^ 1 cc/)p(d^ 1 c)^ 1 we have 

*L = ^z-^z)- 1 - 
By Lemma \l. 91 we get Theorem 12. 81 □ 

By expanding our explicit formula, we can express our p-adic MZV's arising from 
Frobenius invariant path in terms of Deligne's p-adic MZV's describing Frobenius 
action very explicitly and vice versa. The following are the easiest examples. 

Examples 2.10. (1) (» c (k) = (1 - ( k > 1 )- 

(2) (^(a,b) = (1 - -^)Cp(a,b) - (4 - ^)C P (a)C P (*0 - ^(-l)^^ - 

r— 

^)( & -i+%( a _ r ) Cp(&+r )-(-l)^ 



s) (6>1). 



s=0 



We may say that Deligne's p-adic MZV's arc not equal to but equivalent to ours. 

Our third result is on Frobenius structures. We give a Frobenius structure on 
C^kz j ^kz ) ■ We introduce and discuss an overconvergent variant of the p-adic MPL 
which describes this structure. 

Proposition 2.11. The pro-object (Vj^ z , VL Z ) naturally admits a Frobenius struc- 
ture 

(2-10) <f> : F;(VI Z , VL) - 04 z , V^ z ). 

Proof . We just derive it from the Frobenius structure on AL, ( Definition 
The following arguments in the de Rham setting would help our understandings. 

Lemma 2.12. The pro-object (Vkz, Vkz) is isomorphic to the pro-object (_4|i R ) v , 
the dual of the ind-object A^S* ( Definition \l-4\l - 

Proof . By the categorical equivalence (I2.3[) . (_4]? R ) V corresponds to a natural 
representation pr of Lie ir® R (X : T) on the universal enveloping algebra Uir^ R (X : 
T) of Lie ttP r (V : T) (we note that Unf R (X : T) is isomorphic to the dual H of the 
coordinate ring Lu r (A^ R ) of Trf R (X : T) by |Xj Theorem 2.5.3 because Lie 7rf R (V : 
r) is the set of primitive elements in H by loc.cit.§4.3). By l|1.3|l this representation 
pr is induced from the left action of irf R (X : T) on 7if R (X : T, T), thus Uirf R (X : 
r) is a free Utt® r (X : r)-module of rank 1 by pr- Therefore we say that the 
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corresponding representations pr and L ('Lemma 12.41 are equivalent, whence we 
have (Vkz, Vkz) — (*4p R ) v . On the other hand by the canonical isomorphism 
r : — > uJr it is easy to see (^45> R ) V = (^4p R ) v . Whence we get the claim. □ 

By the categorical equivalence (|2.2() we deduce (V KZ ,V KZ ) — (A^) v from 
Lemma Pi.121 Consequently we get the Frobenius structure on (V KZ , Vj£ Z ) by trans- 
mitting from (f) : AL — » F*A^. We get Proposition ^. Ill □ 

In the following section we introduce single- valued real-analytic MPL Li k ... k (z). 
Here we introduce the following p-adic analogue Li k ... fc (z). From now on we 
fix a lift of Frobenius by F p (t) = By V KZ = O x ((A,B}}, we have v£ z = 

Definition 2.13. The overconvergent p-adic MPL Li\ ± ... km {z) G j+Oi^rQXoD is 
the coefficient of A /Sm_1 5 • • • A kl ~ 1 B in G\{z) multiplied by (-l) m : 

Gl(z) = 1 + • • • + (-l) m Lil u ... tkm {z)A k -- x B ■ ■ ■ A kl ~ 1 B + ■■■ 

where G\{z) G V kz (]^oD is the image of 1 G F p *v£ z (]X [) - V KZ Q*oD = 
jiO Wo[ QX [){(A,B)) by a- 

We note that since G\(z) is group- like we can recover and express general coef- 
ficients of Gq(z) in terms of Li ki ... k (z) as Note 12.61 Our choice of F p is a good 
lifting of the Frobenius of Pp \{1}. So the overconvergent p-adic MPL is analytic 

on ]0[ and ]oo[, i.e. Li^./jz) G pO ]Yo[ (]X [) with f : P Fp \{l} X while 
our p-adic MPL Li kl ... km (z) is a Coleman function, i.e. belong to the ring Aq q \ 
of Coleman functions of X which contains jiOp?r(]Xo[)- In Lemma [2.151 we see 
that overconvergent p-adic MPL's have a different tannakian origin from ours, so 
that they are different from ours. But we have a close relationship between them 
in Acai((A,B)): 

Theorem 2.14. 

(2.11) Gt(A, B){z) = G (A, B)(z) 'Ch(j, *£ B (4 B)-^^ Ve (A, B)j (z*)-\ 

Proof . Let z be a Q p -valued point of X whose modulo p reduction z lies on 
X(F p ) (If p = 2, we need to enlarge the base field Q p ). We have a de Rham 
path d z in tt^ k {X : 01,z)(Q p ) while we also have a de Rham path <j) p {d z v) by 
7if R (X : 01, z) x Q p = 7rf rig (X : 01, Zq) 7if R (X : 01, z p ) x Q p in Lemma l2~31 
Identifying them we get a de Rham loop d~ 1 (t> p (d zP ) in nf R (X : 01)(Q P ). 

Lemma 2.15. i(d~ 1 4> p (d zP )) — G\{z). 

Proof . By the categorical equivalence l|2.2[) . we identify "PS R x Q p , A™ <X> Q p 
and Vkz ® Qp with PIj, ^lL» and V^- z respectively. Because "PE R = SpecAB^ 1 , we 
have a natural injection fS 11 — > (ylB. R ) v of pro-objects. By Lemma [2.121 we get 
a morphism T^H 1 ^ — * Vkz, whose associated morphism r-^ — * V^ z commutes with 
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Frobenius actions, i.e. 



F*VL Vt 

P 01 01 



t t= F ' \ ,;t 



f;Kz — — v KZ 

commutes. By taking the fiber w Z) we easily see that d zP 6 7rP R (X : 01, z p )(Q p ) = 
lu zP (vI) = lu z (F;pI) corresponds to l {zP) G w 2 p(V^ z ) = w 2 (F;V^ z ). Hence the 

image (j) p (d zP ) G 7if R (Jf : 01,z)(Q p ) = ^("Plj) is mapped to GjO) G V^ z(z) = 

u z (Vkz ® Q P ) ■ The second row induces morphism w^(-pH R ) = 7if R (X : 01)(Q P ) -» 

w^*(Vkz) — Q P ((.A, so that the loop d~ 1 (f) p (d zP ) corresponds to G (z). ^ 

By d~ x 4> p (d zP ) = d~ x c Za ■ 4> p {d~ P c Zo ) _1 we get the equality i|2.11[) whenever we 
fix each Q p -point z. By letting z varies for all Q p -points on ]zq[ and restricting Gj 
and Go into ]z [, we see that the equality l|2.11|l holds in Q p [[t Zo ]]({A, B)) (t Zo : a 
local parameter of ]zq[ p|X(Q p )), hence for ^coillzol- By ^ ne uniqueness principle 
of Coleman functions [C], the equality (|2.11|) holds for the whole space. After all 
we get Theorem l2.14l □ 

By Lemma T2. 151 we may say that p-adic MZV a la Deligne is 'a special value ' of 
the overconvergent p-adic MPL. By Theorem 12 . 141 the overconvergent p-adic MPL 
is is described very explicitly as a combination of our p-adic MPL's. The following 
are the easiest examples. 

Examples 2.16. (1) Li\(z) = Li k (z) - ^Li k { Z P) = £ £. 

(n,p) = l 

(2) U[ b {z) = Li a>b (z) - ^IA a , b (zP) - - ^)C p (a)Li b (zP) 

-j:(-ir^{ b - 1 r +r )Li^ r (zP){Li b+r (z) - ^Li b+r (zP)} 

-(-1)° E ( a a-V)(^ - ^)Cp(a + s)L lb ^(zP). 

s=0 

We note that the coefficient of A of Gq(z) is log a z while in the overconvergent 
side the coefficient of Gj(z) is log a z — \ log" z v = and Li k (z) has been studied 
by Coleman [Q. Unver nearly got the same formula (2) in |U2| 5.16. In Example 
12.281 we will give a Hodge analogue of the above two formulae. Our p-adic MPL 
has log poles around and oo however the overconvergent p-adic MPL does not. 
The formula l|2.11|l is an algorithm to erase log poles at oo of our p-adic MPL. 
We remark that the overconvergent p-adic MPL is rigid analytic on an open rigid 
analytic subspace ]Xq[ containing ]P 1 \{1}[. 

Remark 2.17. The p-adic KZ equation 

, A B s j 

dg = ( — I -)gdz 

z z — 1 

does not have a solution with overconvergent function coefficients but have a solu- 
tion with Coleman function coefficients (for instance Gq(z)). However if we modify 
it as follows 

,„,„, , [A B \ , ( dzP A dzP ,„ , , n , „.\ 
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it has a solution with overconvergent function coefficients (for instance Gq(z)). We 
note that the similar differential equation for the loop d~} F p (d z ) is introduced in 
[Ulllll before. 

2.2. Hodge side — analogous results. In this side, we use a Hodge-type com- 
parison isomorphism (Xemma l2.19|) between a de Rham fundamental torsor and a 
Betti fundamental torsor for X. A tannakian interpretation of MPL's and MZV's 
are given in Proposition 12.201 and Proposition 12.211 By using the infinity Frobe- 
nius action on a Betti path space we introduce a new version of MPL's (|2.2(J|I . Its 
single- valuedness is shown in Theorem l2.27l A formula to express them in terms of 
usual (multi- valued) MPL's is shown in Proposition ^. 261 

Notation 2.18. Let z be a point in X(C). We fix a topological path b z € 
7r* op (AT(C) : 01, z). By abuse of notations we also denote b z to be the corre- 
sponding Betti path in tti(X(C) : 01, z)(Q). For z = 10 we consider a special path 
b € tti(A(C) : 01, 10)(Q) which comes from a one-point set ttJ° p (A(R) : 01, 10). 

The following Hodge type comparison isomorphism for fundamental torsors is 
our basics in this subsection. 

Lemma 2.19. Let z be a C-valued point of X . Then we have 

(2.13) 7if R (A :01,z)xC~ 7r Bc (A : 01, z) x C. 
This follows from an equivalence of tannakian categories 

(2.14) AfC BR {X c ) =Af£, Bc {X{C)) 

(see also |Del| L By identifying the above two fundamental torsors by Ij2.13|) we get 
a de Rham loop d~ 1 b z , which lies in irf K (X : 0T)(C). 

Proposition 2.20. Let z be a C-valued point of X . The de Rham loop d~ 1 b z 
corresponds to the special value at z of the analytic continuation along b z of the 
fundamental solution Gq 13 of the KZ equation by the embedding i: 

i(d-%) = G Q (z). 

Proof . The proof is given in a similar way to the proof of Theorem 12.31 By 
|Del| §12.15-12.16 we have a tannakian interpretation of horizontal sections of 
■PS R , By Lemma we have a tannakian interpretation of horizontal sections 
of (Vkz, Vkz)- Because both the constant term of Go(t) at t = and the constant 
term of t$ at to — are equal to 1, we have 

?>oi ^t^loi) = the analytic continuation of Go(t) along b z 

which implies 

(2-15) d,, r • b^ z -d rM (l) = G (z). 

By (E31, jUgi and d zX =d^ r - g^ 1 , we get Proposition ET2UI □ 

In each coefficient of Go(z) there appears MPL (|0.1fl . In precise the coefficient 
f A km ^B ■ ■ ■ A kl ~ x B in G (z) is (-l) m Li kl ,... >km (z): 

Go(z) = l + \ogzA-Li 1 {z)B + --- + {-l) m Li kl ,.., km {z)A k ™- 1 B---A kl - l B + -- - . 

13 It means the fundamental solution of the KZ equation satisfying Gq(z) s=s z a constructed by 
Drinfel'd [E]. 
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By Proposition ^ . 201 we may say that the loop d~ Y b z is a tannakian origin of MPL's. 
We remark that a choice of the Betti path b z corresponds to a choice of each branch 
of analytic continuation of MPL. 
For z — 10 similarly we have 

Proposition 2.21. The de Rham loop d _1 b G 7rP R (X : 01)(C) corresponds to the 
Drinfel'd associator $kz G C{(A,B)) by the embedding i, i.e. 

iid-'b) = $ KZ . 

Proof . The Drinfel'd associator $kz is the series constructed in |Del) . which is 
also equal to the limit value 

limexp(-loge- B) ■ G (l - e) G C({A,B)} 

as In other word it is the constant term of Gq(z) at z = 1. Then by a similar 

argument to the proof of Theorem 12. 51 we have b^ ^(t^lol) = ^kz • tf whence 

(2.16) d- r -6-d r -(l) = $ KZ . 

By (|2.4H . (|2.16() and r = d^ r ■ we prove Proposition 12. 2 II □ 

In each coefficient of the Drinfel'd associator $kz there appears MZV l|0.2fl • In 
precise the coefficient of A km ~ 1 B ■ ■ ■ A kl ~ 1 B in <f> K z is (— l) m ((ki, ■ ■ ■ , k m ): 

*kz = 1 + • • • + (-l) m C(fci, • • • , k m )A k ™~ l B ■ ■ ■ A kl ~ 1 B + ■■■ . 

By Proposition ^. 211 we may say that the loop d~ 1 b is a tannakian origin of MZV's. 
The above proposition enables us to calculate the period map 

(2.17) p : 7T? e (X(C) : 01)(C) -► ir? R (X : 01)(C). 

In order to do that, as in ij2.ll we fix generator of irf e (X(C) : 01) (Q) and its 
parameterization. 

Notation 2.22. We denote the loop in nf c (X(C) : 01) (Q) (resp. in nf c (X(C) : 
l0)(Q)) which comes from a generator in 7rJ op (T x (C) : 01) (resp. in ir\ op (T* (C) : 
10)) going around the point G Tq(C) (resp. G Ti(C)) counterclockwisely by x Be 
(resp. y' Be ). Put y Bc = b~ 1 y' Bc b (for b see Notation 12 .1811 . Easily we see that two 
loops XBe and y Be are free generators of the pro-algebraic group 7r] 3o (X(C) : 01)(Q). 
Wojtkowiak [W] consider the embedding 

(2.18) j : nf c (X(C) : 01)(Q) Q((A, B)) 

which sends xb c <— > e A '■= 1 + IT + 4r + " ' an< ^ ^ Bc l— * eB := ^ + T7 + iff + ' ' ' ■ 
We note that this morphism is isomorphic to the embedding of 7rf c (X(C) : 01)(Q) 
into the universal embedding algebra of Lieirf c (X(C) : 01)(Q). 

We note that this embedding j is not compatible with i in l|2.1|l under the 
Hodge comparison isomorphism (|2.13(l . As is similar to the proof of Theorem 12. 81 
we extend the period map (|2.17l) to 

p:C((A,B))^C((A,B)) 

via the embedding i l|2.1|l and j l|2.18|l . 

Lemma 2.23. p(A) = 2mA, p{B) = <^^(2TriB)^ KZ . 
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Proof . By the compatibility of the period map on the tangential morphisms 
Qse(l) =^ C (T X (C) : 01) -> ^f°(X(C) : 01) and Q DR (1) c * p 7rf a (T x : 01) -> 
7rP R (X : 01), we have p(xb c ) = a^ 2 ™- Similarly we have p(y' Bc ) = y' 2m . Since the 
period map is compatible with the torsor structure we have p(j/B e ) = p(b~ 1 y' Be b) = 
b -iyHm b = (d- 1 b)- 1 y 2 * l d- 1 b. By Proposition EHI we get the claim. □ 

Our next work is on a description of a Frobenius action. To begin with we 
consider the infinity Frobenius action on tt^ r (X : 01, 10) (C) by transmitting 
the infinity Frobenius action on irf c (X(C) : 01,10)(C) by Lemma [2.191 It gives 
a new path (j>oo(d) in tt® r (X : 01,10)(C). We denote to be the series in 
C((A,B)) which corresponds to d^ 1 (f> OCl (d): 

i(d"Voo(rf)) = $kz- 

It is a Hodge counterpart of the p-adic Deligne associator 3>p c . By same arguments 
to the proof of Lemma |2~§1 and Theorem 12.81 the extension of the infinity Frobenius 
action on Trf R (X : 01)(C) into C((A,B)) by i is described as follows: 

Lemma 2.24. ^(A) = -A, ^(B) = $ KZ _1 (-S)$ KZ . 

This gives the following formula analogous to 1)2.8(1 . 
Lemma 2.25. 

$ KZ (A B) = $ KZ (A B) ■ $kz {-A, $ KZ (A, B)- l {-B)^ z {A, B)) . 

This formula looks nasty. But according to the convention in |F0| of the Grothendieck- 
Teichmiiller group jDrj we rewrite simpler 

(-l,$ KZ ) = (-l,$ KZ )o(l,$ KZ )-l. 

Let z be a C-valued point of X . By a same argument to above, we get a de Rham 
loop djVoo(4) G ttP r ( X : 0T )(C). Put G Q {z) := i(<f jV«,(<fe)). The following is 
an analogue to Theorem l2.14l 

Proposition 2.26. 

(2.19) Go (A, B)(z) = Gq(A. B)(z)-G {-A, $ KZ (A B)-\-B)^~ z (A, B)) {z)~\ 

Proof . By dj 1 cj) oc (dz) = dj 1 b z -cj) oc (dg 1 b z )~ 1 and Lemma l2.24l we get the equality. 

□ 

We introduce a new version of MPL Li ki ... k (z) to be the coefficient of A km ~ 1 B 
■ ■ ■ A k ^ l B in Gq(z) multiplied by (-l) m : 

(2.20) G~{z) =: l + --- + {-l) m Li- i ... km {z)A k ™- l B---A kl - 1 B + -- - . 

We note that since G~ (z) is group-like we can recover and express general coef- 
ficients of G~(z) in terms of Li^ k (z) and log \z\ as Note 12.61 

Theorem 2.27. The coefficient Li k ... k (z) is single-valued and real-analytic on 
X(C) = P 1 (C)\{0,l,co}. 

Proof . The real-analyticity follows from 1)2.19(1 because both Gq(z) and Gq(z) are 
real-analytic. The single-valuedness is immediate by definition. □ 
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The single- valued MPL's are not equal to usual MPL's because they have a 
different tannakian origins. But by Proposition 12.261 the single-valued MPL is 
described very explicitly as a combination of usual MPL's. The following are the 
easiest examples: 

Examples 2.28. (1) Lt~{z) = Li k (z) - E(-l) fc - a ( '° g ] f T Li k _ a {z) 
(2) Li- b (z) = L la , b {z) - £ ± [( _i )g+ r +s (6-i +s) Lia _ r ( E) . 

r=0 s=0 

{Li b+S (z) b+ f\-i)b+s +w (Mkfr Ltb+s _ wm g (i£sJfr . 

[(-l) a + b+u Li a , b - u (z) + {(-l) 6 +« - (-l) a + b + u }C(a)Li b - u (z) 

+ 6 E _1 {(-i) a+b+u+u - (-i) b+ '"}( a :!7 1 )C(a + «)^«-,(^)]- 

The coefficient of A of Gq(z) is log z while the coefficient of Gq (z) is log z+log z — 
log | z | 2 . We also remark that Zhao |Zhj constructed a single- valued version of several 

variable MPL Li klt ... <km (zi, z m ) = £ \ ■ 



Remark 2.29. In |Za| Zagier studied another variant of polylogarithm 

k-i 

P k {z) = K fe V -^(log \z\ 2 ) a Li k _ a {z) 
£ — ' a! 

a=0 

oo 

where 3?^ denote 3? or 3 depending whether k is odd or even and —rzi — zC ■ 

e 71=0 

He showed that its single-valuedness and real-analyticity. Beilinson and Deligne 
|BD| give its interpretations in terms of variants of mixed Hodge structures. Their 
computations BD §1.5 says that P k (z) appears as the coefficient of A k ~ 1 B of 
logGp (z) multiplied by — |, whence the tannakian origin of P k (z) is also d~ 1 (f> oc (d i ). 
We notice that Pk(z) and Li^(z) are related with each other by 

fc— l 

(2-21) P k (z) = I^|i{log|z| 2 r^(z) 

i=0 

and 

Our MPL has monodromics around 0, 1 and oo however the variant does not. 
The formula (|2.19|l gives an algorithm to erase monodromies of our MPL at 0, 1 
and oo. 

Remark 2.30. The KZ equation 

, A B ^ , 

dg = ( — I -)gdz 

z z — 1 

have a solution with multi-valued complex analytic function coefficients (for in- 
stance Gq(z)) whereas the following modification analog ous to fiTL^i 

d9 = (l + z^l) gdz ~ 9 (y ( ~ A) + Yh^{A, B)-\-B)^- z (A, B)) 
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does have a solution with single- valued real-analytic function coefficients (for in- 
stance Gq(z)). 

2.3. Artin side — reviews. In this side we will discuss Z-adic etale analogues of 
MPL's and MZV's which we call Z-adic MPL's and Z-adic multiple Soule elements 
respectively and whose definitions are imitations of Wojtkowiak's Z-adic polyloga- 
rithms |Wj . 

Let Z be a prime (we do not assume whether Z is equal to the previous prime p 
in H2.1l or not). Let Q be the algebraic closure of Q in C. The following Artin-type 
comparison isomorphism take place of Lemma 12.21 and Lemma l2.f 91 

Lemma 2.31. Suppose that x and y are Q-valued points of X or T s x (s G {0, 1, oo} ) 
then there exists an isomorphism 

^ C (X(C) : x, y) x Q Q, - tt^Xq : x,y). 

It follows from the comparison isomorphism [0] XII Corollary 5.2 (see also |Del| 
§13.11). ^ 

Let i : ^'(^ : 01)(Q;) Qi((A, B)) be the embedding associated with j 
(|2~T%|) . Suppose that z G X(Q) and b z G k° p {X{C) : 01, z). It determines a 
Betti path in 7rf c (X(C) : 01, z)(Q) and we regard this to be an Z-adic etale path 
(which we denote b z by abuse of notation) in ^{^(Xq : 01,z)(Q;) Lemma [2.311 
Suppose that a e GaZ(Q/Q). We obtain another path a(b z ) by the Galois group 
action on Tt{ e (Xq : 01, z)(Q;). Combining 17(62) with the inverse we get 
an Z-adic etale loop bjV^) G n l { et (XQ : 01)(Qz). Wojtkowiak [Wj introduced 
Z-adic polylogarithm £%(cr) (k ^ 1) to be the coefficient of A k ~ 1 B of log j(&z 1<7 (kz)) 
multiplied by (— l) fe_1 (cf. NW]). In accordance with expressions in i !2.1l and > I2.2I 
we consider the following Z-adic etale analogues of MPL's and MZV's. 

Definition 2.32. Let m, fci, • • • , k m > 1, z G X(Q) and a G GaZ(Q/Q). The Z-adic 
multiple polylogarithm (shortly the Z-adic MPL) Li l k ... fe (z)(a) denotes the coeffi- 
cient of A km ~ 1 B ■ ■■A kl ~ 1 B in j^er^)) multiplied by (-l) m and Z-adic multiple 
Soule element (shortly the Z-adic MSE) Ci(k±, - ■■ , k m ){a) (k m > 1) denotes the co- 
efficient of A km ~ 1 B ■ ■ ■A kl ^ 1 B in the Z-adic lhara associator & a (A, B) = j(6 _1 cr(6)) 
multiplied by (-l) m . 

By making a same computations similar to BD §1.5, we have 

fe— 1 

(2.22) ei(a) = {-l) k ^{pMYLiUWio-). 

i=0 

Here p z (cr) is the generalized Z-adic Kummer 1-cocycle in |NWj Definition 3. By 

comparing it with lj2.21|L we may say that Li l k (z)(a) is a Z-adic analogue of the 

00 

usual (Leibnitz's) polylogarithm Lik(z) = S" an d Wojtkowiak's lt(cr) is a Z- 

n=l 

adic analogue of the Beilinson-Deligne's polylogarithm Dk(z). By asking for p- 
adic Hodge theory, we may give new p-adic MPL's valued on the ring of -B C rys of 
Fontaine's p-adic periods, which might unify p-adic MPL's in H2.1l and those above 
(for Z = p) . 

The following may explain why we call the multiple Soule elements. 
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Examples 2.33 (jlj §6.3.Theorem). (1) When k is odd, (i(k)(a) = - 

Here «1 (<x) is Z-adic Soule element (see [I] §6.2 for its definition). 
(2) When k is even, &(k)((r) = wmi^- - Xi{ (J ) k }- Here B k is the Bernoulli 

oo 

number defined by — Yl -^n^T an( ^ Xz( CT ) is the Z-adic cyclotomic 

71=0 

character. 

The author expects that MSE is a kind of 'multiple Euler system' which helps 
our understanding of multiple zeta functions. 

We end this section by giving a brief observation on Z-adic behavior of Q(k)(a) 
and p-adic behavior of Cp(k) with respect to weights. 

Remark 2.34. Let a G GaZ(Q/Q). By the expression k\,{(x) = J„x x k ~ 1 d/i' T 

(/i CT : the measure associated with the Kummer distribution |NWj §2) we see that 
(k — 1)!(1 — l k ~ 1 )(i(k)(<j) admits a nice Z-adic behavior with respect to fc, that is, 
for k = k' mod (I - l)l M (M G N) we have 

(2.23) (fe - 1)1(1 - l k -%{k){a) = (k 1 - 1)!(1 - f'-^Qik'^a) mod Z M+1 Z,. 

On the other hand in the p-adic setting, by L p (l — /c,o; 1_fe ) = —(1 — ^ — 

(l-p k - l )C(l-k) and L p (k,LJ 1 - k ) = (l-^)( p (k) we see that (l-^)( p (k) admits 
a nice p-adic behavior with respect to k, that is, for k = k' mod (p— l)p M (M G N) 
we have 

(2.24) (1 _ J_) C (fc) = (1 _ _L) C (fc') mo dp M+1 Z p . 

The author is not sure whether we have 'multiple analogues' of (|2.23[) and i|2.24[l . 
He is grateful to the referee who suggested him that Coleman's integral formula f[C] 
Lemma 7.2) Lr k (z) = f z * x~ k d/i z (x) for z G C p \{|z — l| p < 1} might help look for 

such relations. Here fj, z is a measure on Z p given by /i^(a + p n Z p ) — rj-^n with 
neN and < a < p™. 

3. MOTIVIC VIEWS 

This section is complementary. We will consider three boxes related to the 
algebra generated by p-adic MZV's. In H3.1l our special box is Drinfel'd's |Ur| pro- 
algebraic bi-torsor where the Grothcndicck-Tcichmullcr pro- algebraic groups act. In 
i )3.2l our special box is Racinet's [II] pro-algebraic torsor defined by double shuffle 
relations. In i )3.3l our special box is pro-algebraic bi-torsor of Deligne-Goncharov's 
|DG| motivic Galois group. The relationship between these three box will be dis- 
cussed. 

3.1. Drinfel'd's context. In this subsection we will add the Berthelot-Ogus part 
into the story of |F0| owing Unver's result |U1| and discuss special elements in 
Ihara's stable derivation algebra which are p-adic analogues of the Drinfel'd's ele- 
ment %/} in |Dr| Proposition 6.3. 

In his celebrated paper |Dr| . Drinfel'd introduced the Grothendieck-Teichmiiller 
torsor, a triple (GRT 1 ,M_ 1 ,(7r_ 1 ), where M 1 is the pro-algebraic bi-torsor with a 
left (resp. right) action of the Grothendieck-Teichmiiller pro-algebraic group GRT 1 
(resp. GT j ) (for their presentations see also FO §2). In FO §4 we explained that 
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for a prime I the ^-adic Galois image pro-algebraic group Gal ^ (which is defined in 
loc.cit. to be the Zariski closure of the image of the Galois group Gal(Q/Q(fii^))- 
action in Aut i: l { ct (Xq : 01)(Q;)) lies in GT X x Q;, i.e. we have 

(3.1) #g :Gal^ ^ GT, xQ,, 

whereas in (FOj §3 we also saw that the spectrum of the Q-algebra 3(C C) generated 
by (2Tri)~ i - kl+ '" +km \(k ll ■ ■ ■ ,k m ) (m, fc* € N, k m > 1) is embedded into M v i.e. 
we have 

(3.2) #Hod : Spec3 ^ Mi- 

We note that l|3.1|l and (|3.2(l are expected to be isomorphism |F0| . In |F1| we 
announced to make up still lacking Berthelot-Ogus part in our next upcoming 
paper 'p-adic multiple zeta values IIP; we planned to construct an embedding 

(3.3) : Spec3 {p) GRT l 

where 3^ is a subalgebra of Q p generated by all p-adic MZV's. But we would 
cancel it and give an explanation below instead because a recent Unver's paper 
jUlj nearly achieved it. 

Proposition 3.1. The p-adic Drinjel'd associator <£>^ Z (A, B) satisfies the following 
defining equations of GRT 1 : 

'(0) ^ Kz eexp[h^,L^ p ] 
(i) & KZ (A,B)& KZ (B,A) = 1 
< (ii) $ p KZ (C,A)<i> p KZ (B,C)3> p KZ (A,B)=l for A + B + C = 
(hi) ^ p KZ (X h2} X 2 ^ p KZ (X 3A ,X 4 ^ p KZ (X 5A ,X h2 y 

$ p KZ (X 2i3 ,X 3A )$ p KZ (X^ 5 ,X 5il ) = l m U$ 5) (Q P ). 

A (5) 

Here Lq stands for the completed free Lie algebra generated by A and B and Uty; 
stands for the universal enveloping algebra of the pure sphere 5-braid Lie algebra 
*p( 5 ) with standard generators X^j (1 ^ i,j ^ 5). 

Proof. By(p,$£ e ) = (p, l)o(l, ^ e (pA,pB)) and (p, $£ z ) = (p, l)o(l, & KZ (pA,pB)) 
in our convention of GRT 1 , l|2.9|l is rewritten into 

(3.4) (l,$ p Ue (pA,pB)) = (l,$ p KZ (pA,pB))o(l^ p KZ (A,B))- 1 . 

In |U1) Unver showed that the p-adic Deligne associator $q c (A, B) satisfies the 
above relations, in other words (l,$£ e (A, B)) 6 GRT 1 (Q P ). Thus (1, <f> p )e (p n A,p n B)) e 
GRT^Qp) for neN. Put 

(1, a n ) = (1, $ p De (pA,pB))-i o (1, ^(p^/i?))" 1 o • • • o (1, $ p De (p n A,p n B))-\ 

Because GRT l is closed under the multiplication, (l,a n ) must belongs to &RT 1 (Q P ). 
By (E3|), 

(l^ p Dc ( P n A,p n B)) = (l,$P z (p"A,p"i?))o(l,$P z (p^ 1 A,p"- 1 J B))- 1 . 

So we have (1, «„) = (1, $£ Z (A, B))o(l, z (p n A,p n B))- 1 . As n goes oo, <S>^ e (p n A,p n B) 
converges to 1 in Q p ((A, B)) which is a projective limit of finite dimensional topo- 
logical Qp-vector space. Hence the series a n (n 1) should converge to <I>^ Z (A, B) 
in Qp((A, B)). By the locally-compactness of the topological group GRT 1 (Q p ) the 
limit (1, $^ Z (A, B)) must lie on GRT r (Q p )< whence we get the claim. □ 



26 



HIDEKAZU FURUSHO 



By Proposition 13 . 1 1 we get a morphism (|3.3|l . The injectivity is easy to check. 

Since there appear p-adic MZV's in each coefficient of the p-adic Drinfel'd asso- 
ciator 3>kz' we S e t algebraic relations among them. It is remarkable that we get 
C P (2k) = (k ^ 1) from (0), (i) and (ii) (proved in the same way to ]Uel §18.16), 
that is, we have a geometric proof for L p (2k, a; 1-2 *) = 0. 

In |F0| §6 by discussing a weight filtration on our torsor, we associated (13.111 and 
(13.21) with two surjections between their coordinate rings, Gt<Pq^ : 0(GRT_ 1 ).<®Qi -» 

Gr w O(Gal ( £) and Gr<Z>fj od : G( GRT ,)_ -» (z./(tt 2 )Z.) where Z. is a graded Q 

algebra whose degree w-component (w ^ 1) is a Q- vector space Z w (c R) generated 
by all MZV's with weight w and Zq = Q. By (|3.3() . we also obtain 

#W* : O(GKTi). -» Z[ v) 

(p) 

where Z) is a graded Q-algebra whose degree w-component is a Q-vector space 
Zw\c Q p ) generated by all p-adic MZV's with weight w and Z^ = Q. 



Remark 3.2. (1) In F0 §6.6.1, we introduced an invertiblc clement <&grt in 

Q( GRT ,)((A,B)) and showed Gr^ od (^ GRT ) = $ K z mod tt 2 and Gr<P { ^ (<J> GflT ) 



= Gr&[^ (a series associated with the ^-adic Ihara associator <& l a in loc.cit). 
By (I3.3|) we get their Berthelot-Ogus counterpart 

(2) In loc.cit §6.6.2, we consider the meta-abelian quotient B GR j, £ ^( j2^Zj .)[[A -B]] 
of $ GflT and showed Gr< od (fl Gflr ) = ^"l^ 1 ^ mod ^ 2 and Gr#g» (B GflT ) 

OO 

= GrB®{A,B) where T(l-z) = exp{7z + £ C(»)^-} (7 : Eu l er constant) 

71=2 

is the classical gamma function and GrB^ (A, B) is the associated graded 
quotient of the Ihara's universal power series for Jacobi sums Q]. By (|3.3f) 
we get their Berthelot-Ogus counterpart 

v crys yn GRT ) JLJL r p (l+p fc (A + B)) 

OO 

where T p (l — z) = exp{7 p z + L p (n, w 1- ™)-^-} (7^: a p-adic analogue of 

n=2 

Euler constant) is the Morita's p-adic gamma function ([M] Theorem 1). 
Next we discuss a special element of Drinfel'd's grt x = © grt™ 14 which is the 

n£N 

graded Lie algebra of GRT 1 |Dr| §5. The original Drinfel'd associator $kz(A,B) 
satisfies the defining equations of M_ |Dr| which is similar to but different from those 
of GRT 1 |Dr| however we say the following. 



Lemma 3.3. The '— ' part $ KZ (A, B) of the Drinfel'd associator satisfies the same 
equations to those of Proposition 

Proof . Drinfel'd showed (1, $kz(§^, S Mi(C) in [EE]. By the com- 

plex conjugate action we get (1, ^kz( j^, ^3)) S M X (C). By the torsor struc- 
ture of M i(C), there is a unique element (1,<^) € GRT ^C) such that (l,y) o 



14 Actually it is isomorphic to the graded completion of Ihara's Q] stable derivation algebra X>. . 
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(1. *kz(^, )) = (1, $kz(^, equivalently 

By comparing the equations in Lemma 12. 251 we get if = $Kz(lfi > 2§?)- So (1, </?) = 
(1, < I > kz(2wI' 2§l)) e GRT 1 , from which we get the claim. □ 

Remark 3.4. By Lemma l3~3l (1, 3>kz) *= Gi?T 1 (R). By the logarithmic morphism 
Log : GRT 1 (R) — » grt 1 (R), Drinfel'd obtained in |Dr| Proposition 6.3 a canonical 
element f(oo) in grt 1 (R), the image of (l,$^ z ), with the following presentations: 

(3.5) f(oo) = K°°)m where f(oo) m = 2C(m)(adA) m - 1 ( J B) + - • • e 0ttf(R). 

m^3: odd 

On the other hand, (1, $kz) e GRT 1 (Q p ) by Proposition 13. 21 By the logarithmic 
morphism Log : GRT_ 1 (Q P ) — > 0tt 1 (Q p ), we also get a canonical element f p in 
flrt 1 (Q p ), the image of (l,$g- z ), with the following presentation: 

f(p) = E f(P)»* where f(P)« = C P (^)(adA) m - 1 (B) + • • • € fl ttr(Q P ). 

(N.B. f(oo) m = for to = 1 or even.) We stress that the summation in f(oo) is 
taken for odd number m greater than or equal to 3 while the summation in f(p) is 
taken for natural number to greater than or equal to 3. 

3.2. Racinet's context. We will recall Racinet's |E] pro-algebraic torsor DMR 1 
which is defined by two shuffle relations and discuss a story for DMR l analogous 
to previous section. 

MZV Q{k\, • ■ • , k m ) (to, hi, ■ ■ ■ , k m £ N, A; TO > 1) satisfies two types of so called 
shuffle product formula, expressing a product of two MZV's as a linear combination 
of other such values. The first type, known as series shuffle product formula and 
for which the easiest example is the relation 

C(fci) • C(fc 2 ) = C(h, k 2 ) + c(fc 2 , fci) + c(*i + to) , 

is easily obtained from the expression 10.2(1 . The second type of shuffle product 
formula, known as integral shuffle product formula, come from their iterated integral 
expressions. The easiest example is the formula 

c(fciK(fe) = E ( k2 ~ 1+ *V* l_i '** +i ) + E ( kl ~ 1+j )ak2-j,k 1+ j)- 

i=0 ^ % ' j=0 \ •> / 

The double shuffle relations are linear relations combining series shuffle product 
formula and integral shuffle product formula. The above two formulae give the 
simplest example 

C(*l,fe) + C(*?2,*l)+C(*l+*2) 

t=0 v 1 J j=0 \ J / 

We have two extended notions of MZV's to non-admissible indices, the case when 
the last component k m is equal to 1, which we call series regularization and integral 
regularization here. The usual and series regularized MZV's satisfy series shuffle 
product formulae and the usual and integral regularized MZV's satisfy integral 
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shuffle product formulae. These two kinds of regularized MZV's are related by so 
called regularized relations. 

Racinet constructed a pro-algebraic variety 15 PAIR whose set DMR (k) of de- 
valued points (k: a field of characteristic 0) consists of a series ip(A, B) G k((A, B)) 
such that ip(A,—B) satisfies (3.2.1.1) and (3.2.1.2) in [IJ], which are relations re- 
flecting the above relations. Let A G k. He denoted DMR y (k) to be the subset 
consisting of the series in DMR (k) whose coefficient of AB is equal to He 
showed in Theorem 1 that DMR 1 (k) (resp. DMR Q (k)) has a structure of the 
pro-algebraic torsor (resp. pro-algebraic group) where DMR Q (k) acts from the left 
(resp. whose group law is defined by the same way to the Grothendieck-Teichmiiller 
group GRTx)- 

We embed 7if R (A Q : bl)(fc) into k{(A, B)) via i and nf e (X(C) : bl)(fc) 

into k{(A,B)) via j (|2.18|) . The group automorphism of ttP^Aq : 01)(k) send- 
ing A i— > A and B ^ ip~ l B<p induces an embedding of both DMR Q and GRT l 
into Aut ir^lXn : 01) as pro-algebraic groups. And the group isomorphism from 
ir¥ R (X Q : 01)(fc) to irf c (X(C) : 01) (ft) sending A i-> A and B h-> Lp~ l Bip induces 
an embedding of both DMR 1 and Mi into Isom(7rf R (X Q : 01), nf c (X(C) : 01)) 
as pro-algebraic torsors. From now on we regard DMR and GRT_ 1 to be sub-pro- 
algebraic groups of -AMt7rP R (Xq : 01) and regard DAIR ^ and M 1 to be sub-pro- 
algebraic torsors of Isom (Tr? R (X n : 01), 7rf e (X(C) : 01)). 

We note that ^kz^^, ^fjl belongs to DMR ^C), which gives a morphism 

(3.6) ^Hod : Spec3 ^ DMR 1 

analogous to l|3.2|l and conjectured to be isomorphic The paper |BF| is a trial 
to give a morphism 

(3.7) : Spec3 (p) w DMR n , 

which is an analogous map to (|3.3|1 . We showed double shuffle relations, i.e. series 
and integral shuffle product formulae, for usual p-adic MZV's but not for extended 
values. In |FJ| we will give a complete proof to give an embedding S'irys, namely 
show series and integral shuffle product formulae and regularized relations for reg- 
ularized p-adic MZV's. 

3.3. Deligne-Goncharov's context. We will discuss the pro-algebraic bi-torsor 
of the motivic Galois group in |DG| by recalling the category of mixed Tate motives 
over Z. This torsor is related with the Drinfel'd's torsor ( H3.1f l in Proposition 
13.81 and the Racinet's torsor ( H3.2|l in Proposition 13.91 We also explain how the 
motivic formalism fits into our story in Note l3.lOI In Hodge side we give a motivic 
interpretation of Zagier's dimension conjecture on MZV's. We recall how the upper- 
bounding part of this conjecture follows as a consequence. In Artin side we see how 
Ihara's conjecture [l2| on Galois image is motivically related with Zagier's conjecture 
via Problem 13.71 In Bcrthclot-Ogus side we deduce another motivic way, different 
from |FJj . of proving double (series and integral) shuffle relations and regularized 
relations for (extended) p-adic multiple zeta values by using Yamashita's fiber 
functor of the crystalline realization. 



15 For our convenience slightly we change the definition. 



p-ADIC MULTIPLE ZETA VALUES II 



2!) 



Let k be a field with characteristic 0. Levine |L2| and Voevodsky |Voe] con- 
structed a triangulated category of mixed motives over k. Levine |L2j showed an 
equivalence of these two categories. This category denoted by DM(k)Q has Tate 
objects Q(n) (n S Z). Let DMT{k)a be the triangulated sub-category of DM(k)Q 
generated by Q(n) (n 6 Z). Levine [Llj extracted a neutral tannakian Q-category 
A/T(fc)cj of mixed Tate motives over fc from DMT(k)Q by taking a heart with 
respect to a ^-structure under the Beilinson-Soule vanishing conjecture which says 
gr~l K n {k) = for n > 2i. Here LHS is the graded quotient of the algebraic X-theory 
for k with respect to 7-filtration. 

From now on we assume that k is a number field. In this case the Beilinson-Soule 
vanishing conjecture holds and we have MT(k)Q. This category satisfies the follow- 
ing expected properties: Each object M has an increasing filtration of subobjects 
called weight filtration, W : ■ ■ ■ C W m - X M C W m M C W m+ iM C ••• , whose 
intersection is and union is M, The quotient Gr^ m+1 M := W^m+iM jWimM- is 
trivial and GrY^JVl := W<z m M /W2 m +iM is a direct sum of finite copies of Q(m) for 
each m £ Z. Morphisms of MT(k)Q are strictly compatible with weight filtration. 
The extension group is related to if-theory as follows 



^*W) p (Q(0),Q(m)) = 



K 2 m-i{k)Q for i = 1, 
^0 for i > 1. 

There are realization fiber functors ( |L2| and (Hj) corresponding to usual cohomol- 
ogy theories. 

Let 5 be a finite set of finite places of k. Let Os be the ring of 5-integers in k. 
Deligne and Goncharov |DO| defined the full subcategory MT(Os) of mixed Tate 
motives over O5, whose objects are mixed Tate motives M in MT(/c)q such that for 
each subquotient E of M which is an extension of Q(n) by Q(n+ 1) for neZ, the 
extension class of E in Ext 1 ^^^ (Q(n), Q(n+1)) = Ext 1 ^^^ (Q(0), Q(l)) = fcq 
lies in 0^ <E> Q. In this category the following hold: 

for m < 1, 

£x^ T(Og) (Q(0), Q(m)) = { 0* ® Q for m = 1, 




for m > 1, 



^MT( Os )(Q(0),Q(m)) 



Let w can : MT(Os) — * VeciQ (V"ectQ: the category of Q-vector spaces) be 
the fiber functor which sends each motive M to (B n Hom(Q(n),Gr v ^ 2n M). Let 
G can be the motivic Galois group Aut ®(MT(Z) : o> C an)- The action of G can on 
w can (Q(l)) = Q defines a surjection G can — y G m and its kernel [7 ca n is the unipotent 
radical of G can . There is a canonical splitting r : G m — > G can which gives a negative 
grading on the Lie algebra LieU can (consult |Del| §8 for the full story). The above 
computations of -Exi-groups follows 

Proposition 3.5. The graded Lie algebra LieU cm is free and its degree n-part of 
Liell^ n = i/can * s isomorphic to the dual of E%t\,jT(Os) (QW, Q(~ "-))• 

Proof . See [Uel] §8 and §2. □ 

Let us restrict in the case of k — Q, S = 0, Os — Z. Let ui* : M h-> M* (* = Be, 
DR) be the fiber functor which associates each mixed Tate motive M £ MT(Z) 
with the underlying vector space of its Betti, De Rham realization respectively. 
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For *, *' = {Be, DR} we denote the corresponding tannakian fundamental group 
Aut ®(MT(Z) : w») by G, and the corresponding tannakian fundamental torsor 
Isom ®(MT(Z) : a;*, a;*/) by G**'. Note that the latter is a (G*, G*')-bi-torsor 
and G*„ = G*. Let U* be the sub-pro-algebraic group of G* whose action on 
w*(Q(l)) = Q is trivial and be the sub-pro-algebraic torsor of G**< which 
induces a trivial map from w*(Q(l)) = Q to av(Q(l)) = Q. Then U**> is a 
(£/*, C/*')-bi-torsor and [/** = J7*. Since Mdr = w can (M) we have G can = Gdr- By 
Proposition 13 . 51 the Lie algebra LielluR of the unipotent part Udr of Gdr should 
be a graded free Lie algebra generated by one element in each degree — m (m ^ 3: 
odd). 

Remark 3.6. In |Delj §8.12, Deligne constructed a free basis of the Lie algebra 
LieUuR(C) as follows: The infinity Frobenius action on u>b c (M) for M G 
MT(Zi) determines a point in Gb c (Q) and by the Hodge comparison isomorphism 
(the period map) u)R e (M) ® C ~ wdr(M) ® C it gives a point in Gdr(C) which 
we denote by the same symbol <^oo. Put i/'oo = </>oo ° T (~ !)■ Then V'oo £ ^dr(C) 
because 0oo G Gdr(C) goes to — 1 G G m . The element e m (oo) (m ^ 3: odd) 
generates freely the Lie algebra LieUuR.(C) where e m (oo) means a degree — m- 
part of the image c(oo) = e m (oo) of i/'oo by the logarithmic morphism Log : 
Ubr{C) — ► Liet/oR(C). (N.B. e m (oo) = for m = 1 or even.) 

In |DCj| §4 they constructed the motivic fundamental group ^^(X : 01) with 
X = P 1 \{0,l,oo}, which is an ind-object of MT(Z). This is an affine group 
MT(Z)-scheme (cf. Hl.ip . whose de Rham realization and Betti realization agree 
with the de Rham fundamental group 7rf {X q : 01) in SJLT] and the Betti funda- 
mental group 7if e (X(C) : 01) in JOl respectively. Namely w D R(7r^(X : 01)) = 
7rf R (X Q : 01) and uj Bo {tt^{X : 01)) = wf c (X(C) : 01). Since all the structure 
morphism of ■k j ^ a {X : 01) belong to the set of morphisms of MT(Z) we have 

(3.8) if : G**/ Isom {u.(irt*(X : 01)), w«, (tt^ (X : 01))) 

for *, *' G {Be,DR}. On this map ip the following is one of the basic problems. 

Problem 3.7. Is <p injective? 

This might be said a question which asks a validity of a unipotent variant of 
the so-called 'Belyi's theorem' in |Bel| in the pro-finite setting. Equivalently this 
asks if the motivic fundamental group ir^^X : 01) is a generator of the tannakian 
category MT(Z). 

The (Udr, C/Be)-bi-torsor Ubr,Bc is related to the ( GRT 1 , GT 1 )-bi- torsor M x in 
H3.1l as follows. 

Proposition 3.8. </?([/ D r) C GRT v ip{Ubr,b c ) C M 1 , (p{U Be ) C GT T . 

Proof . By Lemma f2. 241 the automorphism which corresponds to (/>oot(— 1) is de- 
scribed by (1, 'I'kz)- ^° the induced homomorphism $ : LieUoR — > i3erLie7T] 3R (.XQ : 
01) sends e(co) to f(oo) (cf. Remark 13. 4|) . Since f(oo) m is the image of the 
free generator e(oo) m , the image ^(LieUoR) must lies in gttj^ Lie GRT ^] C 
DerLieTr¥ R {X Q : 01). So ^([/ D r) should lie in GRT 1 C Aut7r¥ R (Xq : 01). 

The morphism T{2ni)~ 1 p lies in C/dr,Bo(C). Its image (^(r(27ri) _1 p), which 
is a morphism from ttP r (X q : 01) (C) to irf c (X(C) : 01)(C), is described by 
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(1, *kz(^i, jfl)) by Lemma 12251 By |Tjr| this element belongs to Mi(C), which 
implies (f(UuR,Bc) C Mj . It is because ip is a morphism from the CTcR-torsor Z7DR,Be 
to the GflTy torsor M x , which sends T(2m)- 1 p e J7 D R,B e (C) to (l,$ K z(^j, ^fj)) G 

Mi(C). □ 

The (Z7dr, t/Be)-bi-torsor J7dr,Bc is also related to the DM _R -torsor DA£R 1 in 
i j3.2l as follows. 

Proposition 3.9. </?(L/dr) C DMR c , y>(E/ D R,Be) C DMR ± . 

Proof . The proof is similar to the previous proposition. As for the proof for 
v(£/dr) C DMRq , we use Racinet's result 5.3.2, which is the same argument to 
|Dr| Proposition 6.3, that the Lie algebra 5mr of his DMRq contains the Drinfel'd's 
element f(oo) m (|3.5|) . □ 

At present we do not know the relationship between Drinfel'd's GRT l and 
Racinet's DM R although it might be expected that they are equal. However the 
recent Terasoma's work (to appear) might suggests a direction DMR C GRT 1 . 

Below we explain how the motivic formalism fits in the scheme of our subject in 
the previous section. 

Note 3.10. (1) In Hodge side: as is shown in the proof of Proposition ^ . 81 the 

pair (l,$ K z(^j, afj)) is the image of r (2™)"^ by </>, that is, (l,$ K z(^j, af?)) e 
<p{U DR , Be ){C), Since (2™)"^+-+^)^!, . . . , k m ) (m.fcj e N,fc m > 1) 
appears among each coefficient of ^kzC^, ~Tl)i ^ gives rise a morphism 

(3.9) r Ho d : SpecZ ip(Ur>K,Be) 

analogous to (|3.2() and (|3.6() . There is a conjecture on the dimension of 
the vector space of MZV's at each weight which is called Zagier conjecture 
(see |Za| and also |F0p and partly proved (for upper-bounding part) by 
Terasoma pQ. By using the embedding (|3.9|) and Proposition 13. 51 Deligne 
and Goncharov also get a partial (upper-bounding part) proof of Zagier 
conjecture in |DG| . We also get to know that to say Zagier conjecture 
holds is equivalent to say the surjectivity of Tfjod an d the injectivity of ip 
(i.e. the validity of Problem 13. 71) . 
(2) In Artin side: we consider the absolute Galois group Ga/(Q/Q) action 
on the Z-adic (Z: a prime) etale fundamental group cp\ : GaZ(Q/Q) — > 
Aut n l { ct (Xq : 01) and the Z-adic Galois image pro-algebraic group GaZ g. 
defined to be the Zariski closure of ipx {Gal (Q/Q(w°°)) in |F0j §4. The 
category MT(Z) has a fiber functor w; j( jt : M i— > Mi^t of the Z-adic etale 
realization which associates each motives M with its underlying Q;-vector 
space of its Z-adic etale realization. The absolute Galois group GaZ(Q/Q) 
acts functorially on uii^t(M) and hence it induces a morphism GaZ(Q/Q) — > 
G;.ct(Q0- Hereafter we fix an embedding Q ^ C. Then there is the 
Artin comparison isomorphism LOi^t(M) ~ lo Bc {M) ® Q; functorial with 
respect to M, which gives Gi^t = Gb x Qz- We might have a morphism 
<p 2 : GaZ(Q/Q) -» G Bo (Q0- Because of tt 1 { 6 \X-^ : 01) = ^, 6t (^(A : 
01)) = ivbc(t'i A (X : 01)) x Q;, the map ipi might factor through Gee- 
action on WB e (7Tj V, (A : 01)), that means <p>\ — ip o ip 2 (consult |Del| §8 for 
full story). In loc.cit. §8.14 it is also shown that the image of ip2 is open in 
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the topology of Gbc(Q;)- So by restricting into unipotent parts we get an 
isomorphism 

(3.10) i\g t : Gal^ A <p{U Bc ) X Q; 

which might be said an analogue of (|3.1|) . This is the way how the common 
Q-structure of the Z-adic Galois image pro-algebraic group for all prime I is 
detected in |DO| Remark 6.13. The graded Lie algebra q[ (cf.JE] and also 
|F0| 1 associated with Gal ^ is conjectured by Ihara (loc.cit.) to be a free 
Lie algebra generated by one element in each degree 3,5,7,9,.. As in Hodge 
case we can say that this Ihara's conjecture is equivalent to the injectivity 
of ip (i.e. the validity of Problem 13. 7fl . 
(3) In Bcrthclot-Ogus side: Yamashita will construct in [3| the fiber functor 
w PjC rys : M — > Mp, crys of the crystalline realization of MT(Z) which is 
compatible with u>dr- It associates each mixed Tate motive M with its 
underlying Q;-vector space of its crystalline realization by using Fontaine's 
functor to give a conjectured dimension bounding for zffl . It admits a 
functorial crystalline Frobenius action (j>p lCrys on w p crys (M) and a func- 
torial comparison isomorphism ui PlClya (M) — Wdr(M) (& Q p for MT(Z), 
which gives a point in Gdr(Q p ) denoted by the same symbol </> PjC rys- Since 
4>p,crys goes to ^ G G m , the element ip p = 4>p, CTys ° r(p) must lie in 
^dr(Qp)- As is similar to Remark 13.41 and Remark 13.61 we also get in 
the p-adic setting elements e(p) m (to ^ 3) which is on a degree — to- 
part of LieUr>R(Q P )' The action of ijj p on 7rf R (AQ : 01) is described 
as A i-> A and B i-> $^ C (A, B) _1 _B<i>^ )c (A, B) by Lemma Therefore 
(l,*£e) G </ 3 (^dr(Qp)). By Proposition G DMRJ O r ). Since 
Deligne's p- adic MZV's C° e (fci, • ■ • , km) are coefficients of $£ e (A, B), they 
must satisfy double shuffle relations. By the same argument to Proposi- 
tion OQ] we get (1, 3>kz) e v(£^dr(Qp))- It follows that we also get an 
embedding 

(3.11) rW : Spec^ - ip(U m ). 

Combining (|3.11(l with Proposition ^. 91 we get the embedding (|3.7(l . There- 
fore ourp-adic MZV's Cp(ki, • • • , k m ) must satisfy (series and integral) dou- 
ble shuffle relations and regularization relations, which are defining relations 
of DMR . This is a motivic proof of double shuffle relations for p-adic 
MZV's, which was a project posed in |De2| . 
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